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1 INTRODUCTION

1.1 BACKGROUND

The investigation of the earth’s subsurface is of general interest in many areas of
socio-economic or environmental relevance. Whereas formerly the pure exploitation
of the earth — e.g., in terms of water or minerals — has been the primary motivation,
today the earth’s protection and a responsible dealing with its natural resources plays
an important role. For instance, the contamination of the subsurface soil and ground
water from anthropogenic sources (wastes, chemicals, fuels, etc.) represents a serious
problem endangering both human health and the environment. Applied geophysics
provides effective tools to investigate such subsurface problems, either non-invasively
from the surface or by the aid of boreholes. Main tasks in this regard include the
localization, discrimination, and/or identification of structural characteristics in the
underground.

Electrical methods belong to the fundamental techniques employed in applied
geophysics. From the early beginning of this discipline, their great potential has been
recognized for the investigation of the underground. The success of geoelectrical
methods originates from the fact that minerals and rocks often exhibit distinct specific
electrical properties which, in turn, correlate closely with the structural characteristics
of interest. Electrical properties may be either investigated passively, as in the self-
potential method, or actively by impressing a current onto the ground, as in the
resistivity and induced polarization (IP) methods. The latter ones normally operate at
relatively low measurement frequencies, typically less than 10 Hz, where — in contrast
to electromagnetic methods — inductive effects can be ignored. Whereas the more
commonly used resistivity method investigates the primary conduction phenomena in
terms of signal amplitudes, in the IP method secondary polarization effects are
measured in terms of time-domain discharge curves or frequency-domain phase shifts.
This extension of the standard resistivity technique has been proven to provide
important, complementary information on the subsurface in various applications. Due
to the long-standing history and continuing development of the resistivity method, it is
not attempted here to give a representative list of references. Instead, it is referred to
the large number of standard textbooks on the subject in general (see, e.g., Telford et
al., 1990). Recommendable reviews with emphasis on IP, however, include the work
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by Wait (1959), Madden and Cantwell (1967), Bertin and Loeb (1976), and Sumner
(1976).

Since the first applications of the resistivity method, numerous significant
improvements have taken place concerning instrumentation, field techniques, data
processing, and interpretation, and the method has now become an advanced
exploration tool routinely employed for the solution of various subsurface problems.
Standard applications include, for instance, ground-water prospecting, mineral
exploration (typically in conjunction with IP), and any near-surface investigations
related to hydrogeology and engineering geology (see, e.g., Ward, 1990). However,
the advent of new imaging techniques in the last decade, such as electrical resistivity
tomography (ERT), has opened the applicability of the method also to particular
hydrogeological and environmental problems often associated with only subtle
electrical contrasts. These techniques are based on sophisticated numerical inversion
algorithms which yield detailed images of the electrical properties in the subsurface. In
principle, they may be employed with arbitrary electrode arrangements, for example in
a typical borehole to borehole (crosshole) geometry. In recent years, ERT has been
successfully applied, for instance, to analyze fluid flow in porous and fractured
sediments (e.g., Daily et al., 1992; Binley et al., 1996; Slater et al., 1996; Slater et al.,
1997), to detect and map subsurface contaminant plumes (e.g., Daily et al., 1995;
Ramirez et al.,, 1996), and to monitor contaminant remediation processes (e.g.,
Ramirez et al., 1993; Daily and Ramirez, 1995; LaBrecque et al., 1996¢). As indicated
by the large number of publications occurring each year on both theoretical aspects of
ERT and related field applications (see, e.g., the last years’ SAGEEP proceedings'),
today there is a broad acceptance of the technique, and its practical value, especially
for hydrogeological and environmental site characterization, is beyond question.

1.2 MOTIVATION AND OBJECTIVES

The ultimate basis for a reasonable interpretation of geophysical data is a sufficient
knowledge of the relationship between the observed physical parameters and
underlying structural characteristics. In the resistivity and IP methods, the principal
pore-scale mechanisms in rocks responsible for the macroscopic electrical phenomena
are known for a long time (as for IP, see, e.g., Marshall and Madden, 1959).
Electrolytic conduction through the pore solution principally represents a purely
resistive (i.e., in-phase) contribution to the bulk conductivity of a rock. On the other
hand, interfacial conduction mechanisms, incident to electrical double layers at the

" Proc. Symp. Application of Geophysics to Engineering and Environmental Problems, Environ. Eng.
Geophys. Soc.
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grain surfaces, or abrupt changes in the conduction mode (e.g., from electrolytic to
electronic in mineralized rocks) may give rise to IP effects and, thus, reactive (i.e., out
of phase) conductivity components. Mathematically, the electrical rock properties may
be conveniently described by a frequency-dependent complex resistivity, comprising
magnitude and phase.

In the last three decades, extensive research has been conducted to gain insight
into the complex resistivity characteristics of mineralized and, more recently,
sedimentary rocks, with a view to the utilization thereof in mineral exploration,
hydrogeological, and environmental applications. Besides the possibility of mineral
discrimination, complex resistivity has been found to provide valuable information
about the structural and hydraulic nature of porous media and fluids contained within
such media. With the availability of appropriate relaxation models, such as the Cole-
Cole model, in particular the quantitative spectral analysis of complex resistivity has
become possible, which reveals additional material characteristics. Today, from the
growing petrophysical understanding of electrical phenomena, for the complex
resistivity method various new and promising perspectives of tremendous practical
relevance arise. Envisaged applications include, for instance, contaminant detection
and identification (e.g., Vanhala et al., 1992; Borner et al., 1993; Vanhala, 1997) or the
estimation of hydraulic permeability (e.g., Borner et al., 1996; Sturrock et al., 1999).

Unfortunately, the proven relations between electrical and structural characteristics
are not readily available at the field scale, where acquired data usually are of apparent
rather than intrinsic nature. Therefore, it is generally desired to invert any measured
data set, given for example in form of a geoelectrical pseudosection, to some
representative image of the subsurface prior to a further analysis. Unlike in the
conventional resistivity method, where efficient imaging techniques — such as ERT —
are now widely available (see Section 1.1), similar inversion schemes for complex
resistivity are still lacking — in particular with respect to spectral applications. The
undisputed demand for such schemes (see Ward et al., 1995), however, initiated this
thesis in 1995.

In view of the situation outlined above, the main objective of the present thesis is
the development of a new, sophisticated, flexible and robust algorithm for complex
resistivity tomography. With such an inversion procedure, lab-proven relations
between (spectral) complex resistivity and intrinsic structural characteristics may be
effectively utilized also at the field scale. By this, the benefits of high-resolution
imaging and improved source characterization possibilities are intimately combined.
Accordingly, the approach may enable access to both geometrical origin and structural
cause of the observations in complex resistivity surveys. Besides the theory underlying
the numerical implementation of the algorithm, however, the extensive examination of
the method’s suitability and efficiency in the various fields of potential application is
likewise within the scope of this thesis. For this purpose, relevant synthetic models as
well as typical field examples are considered in much detail. Particular objectives in



4 Chapter 1

this regard include (i) the adaptation of an effective procedure to remove inductive
coupling from broad-band, tomographic complex resistivity field data, (ii) the field
application of the method for hydrocarbon contaminant detection in a sedimentary
environment, (iii) the analysis of spectral inversion results with respect to relaxation
time and grain size characteristics, and (iv) the tomographic estimation of hydraulic
permeability from field data inversion results. In addition, numerous related aspects
are addressed — not only to supply the reader with necessary or useful supplementary
information, but also to embed the principal objectives of the thesis in a more general
context. Note finally that for reasons of simplicity, this thesis is essentially restricted to
the consideration of two-dimensional complex resistivity surveys — which are still the
most common practice today. Extension to three-dimensional analysis is, however,
straightforward.

As a whole, by providing a comprehensive treatment on the subject, the thesis is
intended to contribute substantially to the elucidation of the possibilities and
limitations of tomographic complex resistivity inversion with respect to both theory
and application.

1.3 STRUCTURE

In order to provide a reasonable basis for the development of the new complex
resistivity inversion scheme and its application to both synthetic model and field data
examples, in the first part of this thesis (Chapter 2) the principles of complex
resistivity in geophysics are briefly reviewed. Starting from physical fundamentals, the
petrophysical origin of the observed phenomena is recalled, and commonly employed
relaxation models for their spectral description are outlined. Subsequently, general
aspects related to resistivity and IP field measurements are addressed, inclusive of the
various descriptive parameters that may be deduced, followed by an overview of
possible applications of the method for mineral exploration, hydrogeological, and
environmental purposes.

The second part of the thesis (Chapter 3) presents the theory of both modeling and
inversion parts of the developed tomography scheme. For the solution of the forward
problem, comprising the calculation of the complex potential distribution for an
arbitrary (two-dimensional) complex conductivity distribution and a given (point)
current source, the flexible finite-element technique is adopted. In this context, several
aspects affecting accuracy and efficiency of the implementation are considered in
detail, such as boundary conditions, singularity removal, or computation of the
sensitivities with respect to the individual element conductivities. The solution of the
inverse problem, on the other hand, is based on a well-established regularized
inversion approach in which the model distribution is subject to a smoothness
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constraint. In this thesis, however, the approach is extended to a new, complex form,
as to directly account for the given complex parameters and data in the inversion
algorithm. The involved optimization problem is solved by means of a combination of
an iterative Gauss-Newton scheme and the conjugate-gradient method. In addition,
efficient procedures are incorporated capable of overcoming any numerical problems
incident to particular data noise characteristics.

Subsequent to the theory chapter, the developed tomographic inversion scheme is
extensively tested on different synthetic models (Chapter 4). Three models are
presented which are chosen as to represent typical situations that may be encountered
in realistic applications. By the first model, simulating a subsurface pollution scenario
involving two different contaminant plumes, the general inversion behavior is
examined, in particular with respect to data noise. The second model features a
horizontal layer case typical for a clastic sedimentary environment. Here, particular
objectives are the investigation of anisotropic model smoothing and the general impact
of borehole separation on image quality in crosshole complex resistivity tomography.
A dipping mineralization zone model completes the synthetic studies. Unlike the other
model examples, however, here different structural elements are supplied with full
spectral Cole-Cole (relaxation) properties reflecting the associated rock type
characteristics. By applying the developed algorithm successively to single-frequency
data extracted from a multifrequency data set and, subsequently, fitting a Cole-Cole
model to the individual model cell inversion results, the capability is examined of
recovering spectral Cole-Cole parameters in a tomographic way.

In the last part of the thesis (Chapter 5), two case histories of complex resistivity
tomography are considered to eventually demonstrate the usefulness of the proposed
inversion procedure in practical applications. The first field survey was conducted for
the purpose of environmental site characterization at a kerosene-contaminated jet fuel
depot. Since spectral data were acquired up to relatively high frequencies, an efficient
inductive coupling removal scheme is described which was applied to the data prior to
inversion. In addition to the interpretation of the recovered complex resistivity images,
a Cole-Cole analysis of the spectral inversion results is performed and evaluated with
respect to the subsurface characteristics and, moreover, an attempt is made at the
tomographic estimation of hydraulic permeability. To complete the demonstration, a
field survey for mineral exploration is presented, which was conducted over a sulfide
deposit in the Broken Hill area, Australia. In conjunction, both field data examples
prove the universality and efficiency of the developed complex resistivity tomography
method.
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1.4 NOTATIONAL REMARKS

In principle, standard notation is employed throughout the thesis (see, e.g., Sheriff,
1991).

Complex quantities are not explicitly marked to avoid unnecessary labeling. In
general, the type of a symbol — i.e., real or complex — is mentioned when it is
introduced. Otherwise the type should be clear from the context.

For analogous reasons, identical symbols are used in the time domain and the
frequency domain. Again, however, the meaning is clear from the context. In
ambiguous situations, the domain is indicated implicitly by adding the corresponding
dependence on either time ¢ or (angular) frequency ©.

The Latin and Greek alphabets are limited. Therefore, it is sometimes inevitable —
if strange denotations shall be omitted — to use one and the same symbol for two
different quantities. In such situations, the actual meaning is usually indicated earlier,
unless being obvious. Also, the corresponding quantities seldom occur within the same
context.

For simplicity, partial derivatives - are sometimes abbreviated by 0., in

particular with respect to the three Cartesian space coordinates x, y, and z.

Note that a complete list of the symbols and abbreviations used in this thesis is
given subsequent to the Appendices.



2 PRINCIPLES OF COMPLEX
RESISTIVITY IN GEOPHYSICS

2.1 INTRODUCTION

Electrical conduction (charge transport) and polarization (charge separation) belong to
the fundamental physical properties of material media. The media of interest in
geoscientific disciplines dealing with the earth’s crust are basically minerals and rocks.
Rocks are generally characterized by a complex internal structure, a variety of
processes on numerous spatial and temporal scales are responsible for their electrical
behavior. Therefore, the comprehensive understanding of the electrical phenomena
occurring in rocks has always been (and still is) a challenging task for petrophysicists.
To date, however, the principal underlying mechanisms are well-known, and an
adequate mathematical description of the electrical rock properties, at least on a
macroscopic scale, has been developed. Herein, the descriptive physical parameter of
both conduction and polarization phenomena at lower frequencies (i.e., less than
10 kHz) is the complex conductivity, or its reciprocal, complex resistivity. As a
complex number with both magnitude and phase, it fully describes the electrical
response of a rock to an electrical excitation and, thus, characterizes its electrical
behavior.

The understanding of the physics of rocks provides the basis for the interpretation
of geophysical data in various fields of applied geophysics (like exploration,
engineering or environmental geophysics) and, thus, plays a key role in the successful
investigation of the underground. Electrical conduction and polarization phenomena
are utilized in the geoelectrical methods of direct current (DC) resistivity and induced
polarization (IP), respectively. A combination and extension of both represents the
complex resistivity method, synonymous with the spectral IP (SIP) method. Here,
besides the virtual conduction and polarization effects, their change with frequency of
the employed electrical input signal (normally a square or sine wave) is measured.
Since the spectral (i.e., frequency-dependent) behavior reveals many structural
characteristics of the subsurface, the complex resistivity method is particularly helpful
for source characterization and discrimination in various geophysical applications.

The following sections give an overview of the principles of complex resistivity
phenomena in rocks and their importance in geophysics as being of interest within the

7



8 Chapter 2

scope of this thesis. First, relevant physical fundamentals are discussed, and the
concept of complex conductivity as the descriptive quantity of low-frequency
electrical properties is introduced (Section 2.2). The petrophysical origin of the
phenomena is outlined next (Section 2.3), followed by the presentation of the basic
relaxation models being in use for the quantitative description of the spectral behavior
of complex resistivity (Section 2.4). Then, the principles of complex resistivity field
measurements are reviewed, including the various descriptive parameters that may be
deduced (Section 2.5). Finally, the possible applications of the complex resistivity
method in mineral exploration, as well as for hydrogeological and environmental
purposes are shown (Section 2.6). The chapter ends with a brief discussion and some
concluding remarks regarding the integration of the subsequent, main part of this
thesis (Section 2.7).

2.2 PHYSICAL FUNDAMENTALS

In general, electromagnetic phenomena within material media are macroscopically
described by Maxwell’s equations. According to these, the total electric current
density

VxH=j+0,D+js (2.1)

is composed of conduction currents j, displacement currents 0,D, and any source
currents js, where H and D denote the magnetic field and the dielectric displace-
ment, respectively. Assuming a linear, isotropic, and time-invariant medium, in the
frequency domain the constitutive relations, coupling D and j with the electric field
E, take the simplified form

j=oc()E,

D =¢(0)E, (22)

where the former relation represents Ohm’s law. In the equations (2.2), ¢ and ¢ are
the electrical conductivity and the dielectric permittivity, respectively, which describe
the electrical properties of the considered medium as scalar functions of the angular
frequency ®. In the most general case, o and & are, however, nonlinear tensor
functions of temperature, pressure, etc., but the assumptions above are justified in so
far as the simple macroscopic description (2.2) predicts the observed phenomena in
many situations.

As Fuller and Ward (1970) state, the constitutive relations (2.2) are each entirely
analogous to the input-output relation of a linear system, and hence, one can interpret
the corresponding electrical parameters in the frequency domain as transfer functions.
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The equivalent time-domain formulation of, for instance, Ohm’s law is given by the
convolution integral

jt) = oj.c(t')E(t —t")dt", (2.3)

where, in adoption of linear-system theory’s terminology, c(#) is the impulse response
of the conductive system. In eq. (2.3), the lower integration bound zero expresses the
fundamental principle of causality, which requires that c(¢) is zero for 1 < 0. At a time
¢t only the electric field prior to that time determines the current density, or in other
words, no output before input. For causal systems, the transfer function and the
impulse response are related through the Laplace transform' according to

o(0) = L{o()}. (2.4)

Since the actually measurable physical quantities j(z) and E(¢) in eq. (2.3) are
real, and consequently, also o(#) is real, from the representation of o(w) in eq. (2.4)
directly follows that, in general, the conductivity must be complex and frequency-
dependent. This means that the electric field and the conduction current density are not
necessarily in-phase, in accordance with the fact that all macroscopic conduction
phenomena are microscopically caused by the motion of charge carriers (molecules,
ions, atoms, electrons), which obviously need a certain time to respond to an applied
electric field.

Most physical systems are stable, i.e., for a bounded input (e.g., a step-function
voltage excitation) also the corresponding output is bounded. This property forces the
transfer function to have no singularities. For stable systems, a general restriction on
the complex conductivity is directly placed by the afore-mentioned principle of
causality. It can be shown that the real and the imaginary part of conductivity must be
Hilbert transforms of each other.” Explicitly, it is (e.g., Fuller and Ward, 1970)

o(o)

S(®) = G, +— P | do’ | (2.5)
n —0

o -0

where 6. is the high-frequency asymptote of o(®), 1 is the imaginary unit, and P
indicates the evaluation of the integral in terms of the Cauchy principal value, i.e.,
exclusion of the singular point ® = ®. An empirically found spectral behavior c(®)

' For causal systems, the Laplace transform is formally equivalent to the Fourier transform extended to
complex-valued arguments.

* The corresponding dispersion relations are known as Kramers-Kronig relations and were initially
derived for the dielectric permittivity.
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must necessarily obey eq.(2.5). Its validity is independent of the underlying
microscopic conduction and polarization mechanisms.

Within the preceding considerations E was treated as the system’s input causing
an output j. Of course, it is also possible to describe conduction phenomena vice versa
in terms of a voltage response to a current input, as discussed by Shuey and Johnson
(1973). In the latter case, the complex electrical resistivity p(®), which is the
reciprocal of o(w), acts as the descriptive transfer function of the system. Moreover,
as a matter of principle, all the fundamental aspects discussed above, though
formulated for conductivity, also apply similarly to the dielectric permittivity &(®),
relating the electric displacement to the electric field. An extensive treatment of this
matter is found in Bottcher and Bordewijk (1978).

For a sinusoidal time dependence e'® of the considered fields, from egs. (2.1) and
(2.2), one obtains for the total current density

V x H = (6(®) + ioe(0))E + j; (2.6)

where both ¢ and ¢ are frequency-dependent complex quantities. Obviously, there is
some ambiguity in dividing the physically decisive term o +iwe into two separate
complex quantities o and €. For this reason, it is sometimes suggested to attribute the
real part of c+iwe entirely to conductivity and the imaginary part entirely to
permittivity (e.g., Wait, 1982). Others renounce a distinction between conductivity and
permittivity at all, in favor of either a generalized complex conductivity c+1ime or a
generalized complex permittivity € —ic/® (e.g., Kulenkampff, 1994).

Within the scope of this thesis only electrical properties of rocks at frequencies
less than 10 kHz are of interest. At this scale the observed delay of the response to an
impressed excitation is caused by polarization effects which involve the movement of
charge carriers over distances up to the order of centimeters. According to Pelton et al.
(1983), such charge is more appropriately labeled as free rather than bound, and
consequently, the corresponding phenomena are more correctly referred to as
conductive (or resistive) rather than dielectric. However, the distinction between free
and bound charge, or correspondingly, between conduction and displacement currents
within rocks is problematic and rather artificial since the motion of charge carriers is
always influenced in some way by existing bonding forces (Fuller and Ward, 1970;
Kulenkampff, 1994). This fact will become more comprehensible when regarding the
underlying conduction and polarization mechanisms, which are addressed in the next
section.

In agreement with Pelton et al. (1983), in the following o(w), or respectively
p(w), is always considered to be complex, and its imaginary part shall account for any
polarization effects occurring within rocks at the lower frequency scale. An inherent
advantage of this convention is that the use of abnormally large values of permittivity
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is avoided, which would be required otherwise to explain the observed effects
quantitatively. Therefore, also the quasi-static approximation o |g|/|o] <1 holds for
normal earth materials if /' =®/2n<10kHz, and the conventional displacement
currents within the total current density (2.6) can be neglected. Thus, taking the
divergence of eq. (2.6) finally yields

V-(c(w)E)+V-j, =0, (2.7)

which will be the basis of the modeling algorithm described in Chapter 3.

2.3 PETROPHYSICAL UNDERSTANDING OF
COMPLEX RESISTIVITY

In the following, the general concepts of electrical conduction and induced
polarization mechanisms within rocks shall be summarized since they are essential for
the understanding and interpretation of complex resistivity measurements. A
comprehensive representation of this topic is given, for instance, in the reviews of
Olhoeft (1981) and Ward (1990), and more recently, in the textbook by Schon (1996).
It may be noted, however, that a full understanding of the electrical properties of rocks
on the basis of a microscopic theory is still one of the major objectives of current
research in petrophysics (Kulenkampff, 1994).

According to Ruffet et al. (1995), a rock can be considered as a three-component
system, consisting of grains, pores (which might be fluid-filled), and the correspond-
ing interfaces. The electrical bulk properties of a rock depend on both the individual
properties of these constituents and their geometrical arrangement, i.e., the
microstructure, within the rock. In most cases (particularly for silicates and
carbonates), the conduction through the solid rock matrix is negligible, and mainly
electrolytic as well as interfacial conduction takes place through the pore solution and
along the pore (or grain) surfaces, respectively. However, for rocks containing certain
minerals (e.g., sulfides), also electronic semi-conduction or even metallic conduction
phenomena must be taken into account.

2.3.1 ELECTROLYTIC CONDUCTIVITY

The pore spaces of natural rocks are more or less filled with water, which contains
various ions of dissolved salts. Electrolytic conduction is based on the movement of
these ions through the aqueous solution in connected pore spaces. This normal mode
of conduction may be described by an electrolytic conductivity o as a contribution to
the bulk conductivity of the whole formation c.
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The observed proportionality between o, and the conductivity of the pore
solution oy is empirically found to be dependent on the porosity @ and the water
saturation S, according to Archie’s law (1942)

@Wl

G =—— Oy Sy - (2.8)
a

In eq. (2.8), m and n are usually referred to as the cementation exponent and the
saturation exponent, respectively, and a is a proportionality constant. The quantity
F =a/®" represents the so-called formation factor. The real parameters a, m, and
n; typically of the order of a =1, m~ 2, and n = 2; are mainly controlled by the pore
space geometry (constrictivity, tortuosity)’ and, thus, contain additional information
about rock texture. Details are given in Schon (1996), who also tabulated numerical
values for these parameters documented in the literature, for different rock types.
Obviously, oy, and consequently also ., increases with increasing ion concentra-
tion in the pore solution due to the higher number of potential charge carriers.
Moreover, o is dependent on the mobility of the ions and, therefore, on the viscosity
and the temperature of the fluid.

Within an electrolyte each ion is surrounded by an inversely charged ionic cloud.
This cloud lags behind its central ion when the latter moves in response to an applied
electric field, resulting in a braking Coulomb force due to an asymmetric charge
distribution. Consequently, the electrolytic conductivity increases with increasing
frequency of the impressed field, since the ionic cloud lacks more and more time to
build up the braking charge distribution and, correspondingly, the overall mobility of
ions increases (see, e.g., Falkenhagen, 1971). Strictly speaking, this ionic polarization
process causes oy, to be complex. However, for the lower frequency range
(f <10kHz), the involved phase lag is virtually zero, and o, may be regarded as a
real-valued quantity. In this sense, the electrolytic conductivity (2.8) represents an
exclusively ohmic contribution to the bulk conductivity c.

2.3.2 INTERFACIAL CONDUCTIVITY

Besides electrolytic conduction, controlled by pore volume properties as outlined in
the previous section, a second component contributing to the overall conductivity is
given by the interface conductivity oin, mainly controlled by pore surface properties.
This additional mode of conduction was first detected for reservoir rocks bearing a
significant content of clay minerals (Patnode and Wyllie, 1950). The origin of the

3 The constrictivity describes the cross-sectional variations of the pore channels, while the tortuosity is
an implicit measure of the length of the pore channels within a certain rock volume.
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interfacial conductivity lies in the electrical double layer which is formed at the
interface between electrically charged grain surfaces and the electrolyte.

Due to certain characteristics within the crystal lattice (isomorphous ion
substitution, imperfections), to some extent most solid rock particles possess fixed
electric charges on their surfaces. In addition, depending on the chemical environment
provided by the chemistry of the pore fluid, variable surface charges may exist in
terms of unsatisfied valence charges. In particular clay minerals exhibit significantly,
negatively charged surfaces on these accounts (see, e.g., Yong et al., 1992) and, hence,
play an important role regarding surface conductivity phenomena. The negative
surface charges attract cations from the pore solution and, in electrokinetic equilibrium
of diffusion and Coulombic interaction, the so-called double layer is formed. It
consists of the negatively charged particle surface, an immediately adjacent fixed layer
of adsorbed cations (Stern layer), and a diffuse layer of mobile cations characterized
by an exponentially decreasing concentration with distance from the surface
(Grahame, 1947).

The cations of the diffuse layer are loosely held to the surface and, therefore, can
be easily exchanged for other cations (cation exchange)’ and implicitly add to the
normal ion concentration within the electrolyte. This phenomenon constitutes an
additional mode of ohmic conduction, consequently referred to as ohmic interface
conductivity. Moreover, the existence of the double layer is responsible for the so-
called membrane polarization, a polarization mechanism arising within porous rocks
under the influence of an electric field in the low-frequency range. This polarization
phenomenon is mathematically described by an imaginary component of the (therefore
complex) interface conductivity, which is also referred to as capacitive interface
conductivity.

Membrane polarization is based on the different mobility of cations and anions
within the pore solution in the vicinity of a double layer (Ward and Fraser, 1967).
Whereas, in the presence of an electric field, the cations can readily pass through the
diffuse layer via the process of cation exchange, the anions are blocked by the
corresponding cationic cloud and, consequently, accumulate within the pore passages
(see Figure 2.1). In this sense, the double layer acts as an ion-selective membrane. The
magnitude of the resulting polarization also depends on the pore channel geometry.
Obviously, the influence of the double layer on ion mobility increases with decreasing
pore radius, which involves stronger polarization effects in constricted pore paths
(Ogilvy and Kuzmina, 1972). It may be emphasized that the occurrence of membrane
polarization is not only restricted to porous rocks containing clay minerals, but is

* The maximum number of exchangeable cations within the double layer defines the so-called cation
exchange capacity (CEC).
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inherent to any rocks exhibiting minerals with charged surfaces (e.g., silicate
minerals).

pore path with . . zone of
ionic solution 5017 grain blocked anions
m anion
[ J [N J o . -
o o0 00 0 O g——cation

clay particle with
negative surface charge

a) b)

Figure 2.1: Origin of membrane polarization in porous rocks containing clay minerals.
a) Distribution of ions within the pore solution under the influence of a negatively charged
clay particle, forming an electrical double layer. b) Accumulation of anions, blocked by the
cationic cloud of the double layer, in the presence of an electric field. After Ward and Fraser
(1967).

For sedimentary rocks, both ohmic and capacitive part of interface conductivity
are found to be directly proportional to the specific internal surface area of the rock
(Rink and Schopper, 1974; Borner and Schon, 1991) and, thus, contain important
additional information about its textural characteristics. According to Borner et al.
(1996), the complex interface conductivity may be expressed as

i = }’(GWT)SP Sy (1+i1), (2.9)

where h(ow) is a real (and generally nonlinear) function of salinity, Spor is the
specific surface area related to the pore volume, and F and S, are again formation
factor and water saturation, respectively. The parameter /= Im(cinx)/Re(Cin)
accounts for the actual separation of oiy into real and imaginary part, it generally
varies between 0.01 and 0.15 (Borner et al., 1996). Recent investigations indicate that
the saturation exponent v in eq. (2.9) correlates with that of G in eq. (2.8) according
to n—v =1 (Schopper et al., 1997).

The two components electrolytic and interfacial conductivity can be described as a
parallel conductor system with a total conductivity 6 = 6 + Oine (Waxman and Smits,
1968). However, since . may be regarded as a real quantity, interfacial electrical
properties are directly accessible via the measurement of the quadrature component of
G.
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2.3.3 ELECTRONIC CONDUCTIVITY

In the previous sections a possible conduction through the solid rock matrix itself was
not considered. However, a non-negligible contribution to the overall conductivity on
this account arises in the presence of such minerals that electrically act as semi-
conductors or metallic conductors. These include almost all sulfides (e.g., pyrite),
some oxides (e.g., magnetite), as well as metals (e.g., native copper) and graphite. The
corresponding conduction mechanism is referred to as electronic since the current is
carried by free electrons. The occurrence of electronic conduction can cause a
significant increase of the bulk conductivity of a mineralized rock, depending on the
kind and amount of mineralization.

As a matter of fact, the geometrical arrangement of electronic conducting minerals
within the host rock is inherently related to the type of mineralization, which can be
either well-disseminated, forming connected veinlets, or even massive. Except for the
extreme latter case, in order for a current to flow through a mineralized rock, charge
must necessarily be carried across the interfaces between the mineral grains and an
ionic solution in the rock pores. At these interfaces the conduction mode changes from
electronic to electrolytic, and the required charge-transfer is accomplished by either
electrochemical reactions (e.g., oxidation, reduction) or capacitive coupling (Marshall
and Madden, 1959). The two mechanisms are usually referred to as the faradaic and
the non-faradaic path, respectively. At any interface between an electronic conductor
and an electrolyte an electrical double layer (see Section 2.3.2) is formed due to an
existing potential drop across the interface (Grahame, 1947). The complex
electrochemical and electrokinetic processes (Wong, 1979; Klein et al., 1984) related
to both faradaic and non-faradaic charge transfer at the mineral-solution interface
involve the accumulation of ions within the corresponding diffuse layer in the pore
fluid, which constitutes a polarization opposed to the applied electric field (Ward and
Fraser, 1967). This polarization mechanism, resulting from the occurrence of
electronic conducting minerals, is called electrode polarization. The magnitude of
electrode polarization is generally much greater than that of membrane polarization,
being discussed in the previous section.

Electrode polarization phenomena play an important role concerning the electrical
characteristics of mineralized rocks at the lower frequency scale. They give rise to a
complex-valued conductivity which contains useful information about rock structure
and texture. Details on this are addressed in Section 2.6, dealing with practical
applications of complex resistivity measurements.
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2.4 RELAXATION MODELS

In the previous section the conduction and polarization mechanisms within rocks
which give rise to the experimentally observed phenomena were briefly reviewed.
However, in order to characterize the frequency dependence of electrical properties, a
quantitative description of their spectral behavior is desired. An appropriate
mathematical model, relating descriptive petrophysical parameters of rock type to
measurable spectral quantities, is the basis of any practical application of the complex
resistivity method related to source discrimination.

There exist numerous different approaches to accomplish the above requirement.
They are mainly based on electrochemical interaction theory (e.g., Marshall and
Madden, 1959), general relaxation theory (Jonscher, 1981), and more recently,
adaptation of fractal concepts (Le Méhauté and Crépy, 1983) and cluster theory
(Dissado and Hill, 1984). A representative overview of the various model descriptions
is given in Pelton et al. (1983), Kulenkampftf (1994), and Ruffet et al. (1995). It is not
the purpose here to provide a comprehensive review or evaluation of all these
approaches. Instead, only the basic, simple, and therefore widely used relaxation
models shall be presented in order to illustrate the spectral characteristics of the
complex electrical resistivity of rocks in principle. Even if some of these models from
a theoretical point of view inherently lack physical justification (Jonscher, 1981;
Ruffet et al., 1991), they are quite attractive in practice since they fit the observations
in many cases as far as certain rock types are concerned.

As mentioned earlier, the electrical properties may be described in terms of either
conductivity or resistivity. However, the following formulation uses resistivity for two
reasons. First, resistivity behaves qualitatively similar to dielectric permittivity, for
which most of the relaxation models were originally derived, and second, its usage is
more common in the geophysical community when referred to geoelectrical
exploration methods.

2.4.1 RELAXATION TIME

The simplest form of relaxation is represented by the classic Debye model, describing
orientational dipole polarization in simple, viscous dielectrics. Starting from an
existing polarization P due to the occurrence of an electric field in the past, in the
absence of this field the decrease of P at a time ¢ is proportional to the value of P at
that instant, i.e.,

0Pt =—Lp(r) (2.10)
T
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where the proportionality constant implicitly defines a characteristic time constant of
the process, the relaxation time t. Equation (2.10) implies an exponential decay
P(t) ~ e™*. The corresponding permittivity transfer function is obtained by means of
Laplace transform of the impulse response. For the problem above it results’

€0 —&w

e(w)=¢€, + (2.11)

l+iot’
where it was taken into account that €, and . are the real, finite, and non-zero
asymptotes of permittivity at low and high frequency, respectively.

Equation (2.11) represents the contribution of a single relaxation time to the
transfer function &(w). In the general case, there might occur other relaxation
processes due to different physical or chemical mechanisms, each related to a
characteristic time constant or even a large spectrum of time constants. Therefore, it is
reasonable to extend eq. (2.11) to account for any arbitrary continuous distribution of
relaxation times g(t'):

g(w) =€, +(80—8w)jM. (2.12)
o I+iort

Obviously, the general expression (2.12) reduces again to the Debye model (2.11) for

the choice g(t')=3(t"—1), where & denotes the Dirac delta function.

2.4.2 COLE-COLE MODEL

Cole and Cole (1941) suggested a slight, but important extension of Debye’s formula
(2.11) to explain experimental observations on various dielectrics. Their model was
later adopted by Pelton et al. (1978a) to describe complex resistivity spectra of
mineralized rocks over the frequency range 10 mHz to 10 kHz. In terms of resistivity,
the empirical Cole-Cole model is given by

p(@) = p, + P2 P (2.13)
1+ (iot)

in which ¢ is the so-called Cole-Cole exponent, varying between 0.1 and 0.6 for most
mineralized rocks, with a mean value near 0.25 (Pelton et al., 1978a). Analogous to
eq. (2.11), the real values po and p. designate the low- and high-frequency
asymptotes, where py > p since |p(®)| is a decreasing function of frequency.

> Note that £ {e_’/T }= t/(1+imt) (e.g., Abramowitz and Stegun, 1984).
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Figure 2.2 shows the magnitude and phase behavior of the Cole-Cole relaxation
model as well as the corresponding distribution of relaxation times g(t'), which was
calculated according to formulas given in Boéttcher and Bordewijk (1978). From
Figure 2.2 it is obvious that a small value of ¢ accounts for a broad frequency
dispersion, related again to a broad distribution of relaxation times. The phase
spectrum shows a maximum, — Qpek, in the dispersive region, which occurs at a

frequency
1/2¢ 1
Opesk = (p—j - (2.14)

© T

inversely proportional to the time constant t (e.g., Pelton et al., 1983). Thus,
especially the phase curve provides distinct information about the characteristic time
scale of the relaxation process.
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Figure 2.2: a) Magnitude and phase curves for the Cole-Cole relaxation model (2.13) with
P =po/2, 1=0.05s, and ¢ varying from 0.1 to 0.5. b) Distributions of the relaxation times
t', normalized by t, corresponding to the Cole-Cole spectra shown in a).

As Pelton et al. (1978a) state, a phenomenological explanation of the Cole-Cole
relaxation of mineralized rocks may be given in terms of a simple equivalent electrical
circuit representing the pore geometry. The circuit analog is composed of two parallel
conduction paths: pore passages that are blocked by electronic conducting minerals
and unblocked pore passages. Whereas the unblocked path behaves purely resistive,
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the blocked path consists of a complex impedance of the form (1wX) “, simulating the
mineral-solution interface,’ in series with an additional resistance attributing to the
electrolytic conduction through the pore solution itself. A similar circuit model was
already considered by Marshall and Madden (1959) and Madden and Cantwell (1967)
to explain complex resistivity measurements on various mineralized rocks.

The equivalent time-domain formulation of eq. (2.13) as well as further variations
and generalizations of the Cole-Cole model are discussed in Bottcher and Bordewijk
(1978), Pelton et al. (1983), and Wait (1984).

2.4.3 CONSTANT-PHASE-ANGLE MODEL

Laboratory measurements on a variety of sedimentary rocks have shown that both real
and imaginary part of complex conductivity in the range from 1 mHz to 1 kHz obey a
nearly identical frequency dependence, following a simple power law (Borner and
Schon, 1991; Borner et al., 1993). In complex notation, the corresponding spectral
behavior of resistivity may be expressed as

10

p(®) = P, (&j : (2.15)

in which p, is the magnitude of resistivity at a reference frequency w,. The exponent
b characterizes the frequency dependence and is of the order of 0 <5 < 0.05 (B6rner
and Schon, 1991). The model (2.15) exhibits a steady decrease of resistivity magnitude
with increasing frequency, similar to the Cole-Cole model (2.13) for a small exponent
¢, and a constant phase angle over the whole frequency range, obviously given by’

cp(w)=—gb. (2.16)

Therefore, eq. (2.15) is customarily referred to as the model of constant phase angle
(CPA). A constant-phase-angle behavior was already observed by Van Voorhis et al.
(1973) for porphyry copper mineralization, by Vinegar and Waxman (1984) for shaly
sands, and by Lockner and Byerlee (1985) for granite and sandstone samples.

A microscopic interpretation of the CPA model goes back to Dissado and Hill
(1984), who explained an identical frequency dependence of the permittivity of certain

% For ¢=0.5, the expression (imX)~ is identical to the so-called Warburg impedance, which follows
an inverse square-root frequency dependence and is characteristic for conduction mechanisms
involving diffusive processes (Grahame, 1952).

7 Note that within this thesis ¢ always denotes the phase of complex resistivity. The phase of the
corresponding conductivity is — .
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dielectrics, the so-called anomalous low-frequency dispersion, on the basis of a cluster
description of the structural ordering within the underlying material. It is of interest to
note that Liu (1985) derived exactly the same frequency dependence for the
impedance of a rough interface between two materials showing different conduction
modes (e.g., metallic and electrolytic) by considering a fractal equivalent circuit.
Accordingly, the frequency exponent b is directly related to the fractal dimension and,
hence, to the geometry of the rough interface. In this context, the validity of the CPA
model (2.15) for porous rocks may be interpreted as an indication of a fractal character
of the pore space geometry. In fact, Pape et al. (1987) showed that the internal surface
of clastic sediments is properly described by a self-similar fractal model, their so-
called pigeon-hole model. As discussed by Kulenkampff (1994), the fractal character
dominates the pore structure up to a scale approximately designated by the effective
hydraulic radius, which represents the lower bound of pore radii responsible for the
transport properties of a sediment.

Laboratory and, in particular, field measurements of complex resistivity inevitably
cover only a limited frequency range, sometimes less than three decades. Therefore, it
might be difficult to distinguish between a constant-phase-angle behavior and a Cole-
Cole model exhibiting a broad frequency dispersion since the latter is characterized by
a relatively flat phase spectrum. Such an ambiguity results from a lack of spectral
information in cases when relaxation processes with a sufficiently broad distribution of
relaxation times are present. For instance, Wong (1979) explained one of the
‘constant’-phase spectra measured by Van Voorhis et al. (1973) on mineralized rocks
by means of an electrochemical model exhibiting a broad and inconspicuous phase
maximum, which resulted in an excellent fit of the observations. Also Bérner (1991)
documented the existence of a slight phase maximum superimposed on a constant-
phase response for several sandstone samples. However, in uncertain situations the
simplest model description, i.e., the CPA model (2.15), should be the most preferable.

2.5 FIELD MEASUREMENTS AND RELATED
QUANTITIES

Generally, field measurements of ground resistivity and induced polarization (IP) are
performed using a four-electrode array consisting of two separate dipoles, one for
current injection and one for measuring the resulting electric field in the subsurface in
terms of potential differences. In principle, resistivity and IP measurements may be
carried out in the time domain or in the frequency domain. Whereas in the former
method the voltage decay with time after switch-off of an impressed current pulse is
observed, the latter measures the (phase-shifted) voltage response to a periodic
sinusoidal or square-wave current input with frequency. However, in practice, also the
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time-domain current waveform is periodically repeated, and the measured discharge
curves are being stacked, in order to improve the signal-to-noise ratio. Therefore, with
modern instruments which fundamentally digitize the entire signals in real-time using
high sampling rates (up to tens of kHz), the underlying data acquisition in both
methods actually becomes similar (Frangos, 1990), and the remaining essential
differences between time- and frequency-domain measurements may be the deduced
descriptive parameters.

2.5.1 GENERAL CONSIDERATIONS

In the frequency domain, the measured voltage V' (®) due to a current input /()
depends upon the transfer impedance of the ground for the given electrode locations,
Z(®), and the transfer function of the receiver system, R(w), according to
V(o) =R(w)Z(w)I(w). Customarily, the impedance Z(w) is being assigned to an
apparent complex resistivity pa(®) by means of multiplication by a (real-valued)
geometric factor G which accounts for the geometrical arrangement of the four
electrodes. Thus, the measured voltage can be written as

V(©) = R(0)p.(0)[()/G, (2.17)
or, equivalently in the time domain,
V(t)=R(@t)*p.()*1()/ G, (2.18)

where * denotes convolution. Both time- and frequency-domain formulations are
directly related through the Fourier (or Laplace) transform provided that the IP
phenomenon is linear. However, they are entirely equivalent, i.e., exactly convertible
into each other, only if information on all frequencies and times is available. This
requirement is certainly not met for practical field applications. Because of the simpler
form of the corresponding mathematical relations in the frequency domain
(multiplication instead of convolution), p.(®) is usually the preferred quantity to be
deduced from the measurements, also with regard to a further processing of the data.

As an example of a field recording, Figure 2.3 shows a transmitted current
waveform and the corresponding voltage response measured with a crosshole dipole-
dipole electrode array. The digital recording may be referred to as a time-domain
measurement since a square wave with 50 % duty cycle® was applied, which enables
the evaluation of the transient discharge curve during the off-periods of current
injection. If only peak amplitudes are of interest, or the signals are supposed to being

¥ The duty cycle denotes the proportion of time in which current is delivered by the transmitter during
a complete waveform cycle.
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transformed into the frequency domain anyway, usually a 100 % duty-cycle waveform
is used because of its inherent advantage in terms of signal strength.
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Figure 2.3: Example of a time-domain measurement, showing transmitted current waveform
(top) and received voltage signal (bottom). For current input a 50 % duty-cycle square wave
with pulse length 7" =2.048s was used. The data were digitally recorded with the RESECS
resistivity meter by DMT? using a sampling rate of 250 Hz. Note that both signals are affected
by a time-domain receiver response R(¢) due to the application of an analog low-pass filter,
appropriate to reduce power-line noise before digitization.

The following sections treat first, for completeness, the classic time- and fre-
quency-domain [P parameters including the interrelations between them, and second,
the general spectral formulation in terms of complex resistivity. Details on [P
instrumentation and aspects related to this matter are found in Sumner (1976) and
Frangos (1990). Various sources of noise (e.g., telluric and cultural noise) and
distortion (e.g., capacitive and inductive wire coupling) that may affect complex
resistivity measurements are discussed in Sumner (1976) and Ward (1990).

2.5.2 CLASSIC IP PARAMETERS

Within this section the following notational convention is met. Normally, apparent
quantities (like p, in the previous section) are indicated by an additional subscript in
order to stress the distinction from the corresponding intrinsic or true property of the
ground. For simplicity, this indication is dropped in the following since exclusively
apparent parameters are considered.

? Deutsche Montan Technologie GmbH, Essen, Germany.
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CHARGEABILITY

In the time-domain IP method the observed voltage response does not instantaneously
drop off to zero when the applied charging current is switched off, but to a certain
value V5, referred to as the secondary voltage, depending on the polarization
properties of the ground. Based on this quantity, Seigel (1959) introduced a descriptive
parameter for IP, the chargeability

m=-— (2.19)

as the ratio of V5 to the primary voltage V, being reached just before current shut-
down. However, this zero-time chargeability is difficult to determine for field
measurements, and usually the corresponding average value along some part of the
subsequent discharge curve is evaluated instead, that is the integral chargeability

1 “
M= j V(t)dt. (2.20)

Unfortunately, M is also referred to as simply chargeability, and thus, terminology is
not unambiguous in this context.

In a first approximation, M may be linearly related to the resistivity phase at a
reference frequency o, i.€.,

M ~—-0p(m), (2.21)

where the corresponding proportionality constant in particular depends upon the
chosen integration limits # and 7, in eq. (2.20). On the basis of a valid relaxation
model, however, the constant can be deduced by relating its time- and frequency-
domain formulations via the Laplace transform (see Section 2.2). For the CPA model
(2.15) with frequency exponent b, for instance, the voltage response due to N,
alternating pulses of a square-wave current with 50 % duty cycle and pulse length 7' is
given by (Kemna et al., 1997)

V=V, Z (—1)™* [(t +2kTY —(t+T +2kT)’ ] (2.22)

From egs. (2.20) and (2.22), the proportionality constant of relation (2.21) is easily
found by numerical evaluation of M(¢) for the relevant range of ¢ =—(n/2)b and
subsequent straight-line fitting. Values for a specific definition of M , the so-called
Newmont standard, are also given in Nelson and Van Voorhis (1973).
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FREQUENCY EFFECT

In the frequency-domain method the IP effect is commonly described by the so-called
frequency effect

FE=P0 P> (2.23)
P

which is the normalized difference between the asymptotic resistivity magnitudes at
zero and infinite frequency. It may also be given as a percent frequency effect
PFE =100 FE . However, for practical reasons, instead of the asymptotes po and p.,
customarily the respective magnitudes |p(®;)| and |p(®2)| at some defined frequencies
o) < M, (e.g., separated by one decade) are used to determine FE .

Both descriptive parameters m and FE are easily interrelated via the initial- and
final-value theorems of Laplace transforms (Wait, 1959), yielding
FE Po — P

m= = . (2.24)
1+FE  p,

Note that the theoretical relationship (2.24) only represents a rough approximation in
practice, because it assumes an infinitely long charging current in the time domain as
well as an infinite frequency spacing in the frequency domain.

The frequency effect may also be referred to a small frequency spacing Aw
around a reference frequency w,, corresponding to a variation in resistivity magnitude
Alp| around p, =|p(wo)|, that is

FE(wg) = - 2P (2.25)

n

As stated in Section 2.2, the real and the imaginary part of resistivity are inti-
mately connected with each other through the Hilbert transform as a consequence of
the principle of causality. Equivalent dispersion relations can also be derived for the
pair magnitude and phase. From these it can be deduced (e.g., Wait, 1984) that in the
first approximation

_ m din(lp|/p.)
(00) = 2 din(o/oy) (2.26)

i.e., at any frequency the resistivity phase is directly proportional to the slope of
resistivity magnitude as a function of frequency on double logarithmic scales.
Moreover, from eqs. (2.25) and (2.26), it is readily seen that approximately

FE(wo) ~ — (o) - (2.27)
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In this sense, a single-frequency phase measurement is equivalent to magnitude
measurements at two frequencies required to determine the differential frequency
effect (Zonge et al., 1972).

METAL FACTOR

A further parameter, mainly used in mineral exploration applications, is the metal
factor (or metal conduction factor)

wmr = FFE (2.28)

Po

going back to Marshall and Madden (1959). This quantity has been found to be less
dependent upon the bulk resistivity of mineralized rocks and, hence, more diagnostic
concerning the amount of mineralization than the original frequency effect (Hallof,
1964). This observation is obvious from the following consideration.

Let o denote the complex conductivity with magnitude |o|=p,' and phase — @
corresponding to the metal factor (2.28). Since, from relation (2.27), PFE ~—-¢ and
¢ = sin@ for the observed small phase angles in the IP method, it follows that

MF ~ |o]| sin(—¢) = Im(o) . (2.29)

In this way, the metal factor is implicitly related to the imaginary part of the complex
conductivity, being attributed to the polarization phenomena occurring at the mineral-
solution interfaces in mineralized rocks, and consequently, it is separated from an
electrolytic conduction in the pore spaces.

2.5.3 COMPLEX RESISTIVITY MEASUREMENTS

In the complex resistivity method, also referred to as spectral IP (SIP) method, the
fundamental quantities of interest are magnitude |p(w) and phase @(w) (or the
equivalent real and imaginary part) of complex resistivity as functions of frequency.
Their measurement allows the subsequent description of the frequency dependence by
means of appropriate relaxation models (see Section 2.4) and, thus, may provide
access to important petrophysical characteristics of the ground. In contrast to the
previously discussed standard IP parameters, a formulation in terms of frequency-
dependent complex resistivity is more general as it directly represents the underlying
physical property responsible for the observed phenomena.

Most modern IP instruments, either providing time- or frequency-domain data,
first of all supply a repetitive square-wave current to the ground, resulting in a voltage
response digitally recorded in the time domain. Afterwards, magnitude and phase at
the fundamental frequency of the square wave are calculated, or even the entire
spectral content of the received signal may be analyzed. However, the usage of a
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pulse-train waveform holds some inherent limitations on the valuable frequency band
due to its specific spectral characteristics.

In general, the recorded periodic time series V' (¢), being sampled at intervals A¢
with N samples per period, can be represented by the Fourier series

V)= cpe’, (2.30)
k=—o0
with the complex Fourier coefficients

Ng—1 ) )
o = > V(iAr) e oo 2.31)

s =0

given at the discrete frequencies kwo, where o =21/ NA¢ denotes the fundamental
frequency of the waveform. The values of the corresponding discrete Fourier
transform are obtained by rescaling the Fourier coefficients according to

V(koo) = N At ¢ . (2.32)

In order to illustrate the spectral characteristics of a square wave and the problems
involved regarding wide-band complex resistivity measurements, Figure 2.4 shows the
spectral analysis of the time-domain recording from Figure 2.3.

Figure 2.4a exhibits the fact that a square wave contains only odd harmonics with
their amplitude inversely proportional to the harmonic number (see, e.g., Sumner,
1976). According to eq. (2.17), the sought magnitude and phase spectra of p,(®) are
obtained by dividing the output spectrum V' (®) by the input spectrum R(w)/(w) at the
corresponding discrete frequencies. It is seen from Figure 2.4b that the phase spectrum
is being distorted in the range log(w/wo)>1.5, which is due to the lack of spectral
energy at higher frequencies. This is in accordance with Soininen (1984), who
concludes on the basis of a numerical analysis that alternating pulse-train measure-
ments do not provide spectral phase information from a wide frequency band, but only
from the limited band 1 to 1.5 decades above the employed fundamental frequency.

Accordingly, it is seldom possible in practice to determine unambiguous relaxa-
tion model parameters (e.g., Cole-Cole parameters), describing the frequency behavior
of p(w) over several decades, from a conventional pulse-train measurement (Tombs,
1981). Extracted descriptive model parameters (Johnson, 1984; Lewis, 1985) do
inevitably refer to a relatively narrow frequency band, and any higher-frequency
spectral behavior might at best be extrapolated by means of assuming the broad-band
validity of the adopted relaxation model.
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Figure 2.4: Spectral analysis of the time-domain recording shown in Figure 2.3. a) Amplitude
spectrum of the recorded current signal, describing the spectral content of the applied square
wave. b) Magnitude and phase spectra of the corresponding apparent complex resistivity.
Note that the complex resistivity spectra are only evaluated at frequencies where spectral
information is available, that is the fundamental frequency of the square wave,
fo = 0.122 Hz, and its odd harmonics f, (k=1,3,5,...).

From the preceding discussion it is obvious that the only way getting reasonable
wide-band complex resistivity data using a pulse-train current excitation, is to repeat
the measurements with different fundamental frequencies of the applied waveform.
However, even though the signals are actually recorded in the time domain, these kind
of measurements should be more appropriately referred to as frequency-domain
measurements. A corresponding field data example, again measured with a crosshole
dipole-dipole array, shows Figure 2.5. Plotted are magnitude and phase of apparent
complex resistivity measured at altogether eight single fundamental frequencies,
covering a range of nearly six decades. It may be noted that the increase of phase lag
for frequencies greater than 10 Hz is due to inductive coupling and, thus, must not be
attributed to IP phenomena in the ground.

The general theory of inductive coupling effects as occurring in IP measurements
is reviewed in Wait (1959) and Sumner (1976). More details on this matter are given
in Section 5.1.3 within the context of the presented complex resistivity field surveys,
when the employed technique for the removal of inductive coupling effects is
discussed.
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Figure 2.5: Example of wide-band frequency-domain measurements, showing normalized
magnitude (left) and phase (right) spectra of apparent complex resistivity. The data were
measured at eight frequencies ranging from 27> Hz to 2" Hz using the ZT-30 transmitter and
GDP-32 receiver by ZERO'.

2.6 PRACTICAL APPLICATIONS

From the underlying mechanisms of conduction and polarization phenomena within
rocks (see Section 2.3) it is clear that there exists a strong relation of the observed
effects to the inner structure and texture of rocks in terms of mineral composition,
grain size, pore space geometry, and pore fluid characteristics. These relations build
the basis of any practical applications of the complex resistivity method, either used
for mineral exploration, hydrogeological, or environmental purposes. The following
sections give a brief overview of the petrophysical information that can be derived
from complex resistivity measurements in the different fields of application.

2.6.1 MINERAL EXPLORATION

From the beginning of its development the I[P method has been proved to be an
effective tool in mineral prospecting (e.g., Bleil, 1953; Marshall and Madden, 1959).

' Zonge Engineering and Research Organization, Inc., Tucson, USA.
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The main objectives in mining applications are to determine the location and extent of
mineralized zones within a host rock and, in addition, to classify both grain size and
concentration of the polarizable minerals, and to characterize the type of mineraliza-
tion. All this information is essential for the discrimination between uneconomic and
exploitable geological materials. A quantitative approach to the tasks above was
introduced by Pelton et al. (1978a). Based on in-situ complex resistivity measurements
over a broad frequency range on various mineral deposits, they showed that the IP
response of mineralized rocks closely conforms to the Cole-Cole relaxation model
(2.13) and, moreover, that the corresponding Cole-Cole parameters correlate with
different structural and textural characteristics.

In general, the amplitude of the IP response of mineralized rocks is directly
proportional to the concentration of the electronic conducting minerals. For the Cole-
Cole model, a measure of the IP amplitude is given by the absolute value of the phase
peak @peax . Consequently, |@peak| may provide useful information about the amount of
ore minerals within a deposit. Marshall and Madden (1959) suggested use of the metal
factor (2.29), comprising both IP amplitude and bulk conductivity, to differentiate
between disseminated, veined (i.e., fracture filling), and massive sulfide mineraliza-
tion.

IP source i 1 time constant (s)

107 10° 1 10 100
background (non-metallic) |
gold deposits with dissem. sulfides |
bedded lead-zinc deposits |
porphyry copper deposits |
massive pyritic sulfides |
magnetite-related ultramafics |
pyrrhotite-related deposits ]

Table 2.1: Characteristic T values of typical IP sources in mineral exploration. After Seigel
et al. (1997).

The most important descriptive parameter in the Cole-Cole model is found to be
the time constant t. It is directly related to the spatial scale at which the polarization
processes take place and, accordingly, increases with increasing grain size of the
electronic conducting particles. Since it may vary over more than six orders in
magnitude for different types of mineralized rocks (typically ranging from 107 to
10° s), t is particularly diagnostic with respect to source discrimination. Table 2.1
shows the characteristic range of t values for typical IP sources being of interest in
mineral exploration. As pointed out by Pelton et al. (1978a), the differences in the time
constant arise substantially from mineral texture and not from mineral composition.
Generally, the time constant of disseminated mineralization is smaller than that of net-
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textured mineralization, which again exhibits smaller t values than veined or massive
mineralization (Pelton et al., 1978a; Vanhala and Peltoniemi, 1992; Seigel et al.,
1997). Based on this, mineral differentiation is possible in many situations by means
of analyzing the measured complex resistivity spectra with respect to t. For instance,
Pelton et al. (1978a) were able to discriminate massive sulfides from graphite,
pyrrhotite from magnetite, and disseminated from veined porphyry mineralization.
However, by considering the time constant alone, it might be difficult to distinguish,
for example, between fine-grained sulfide responses and non-metallic polarization
responses caused by clayey or zeolitic materials (Nelson et al., 1982).

A quantitative relation between the time constant t and the (mean) grain size of
the mineralized particles, in the following denoted by #7umin, Was derived by Wait
(1982) on the basis of a simple physical model describing disseminated mineralization.
From this, the proportionality

T~ (Po 7y )’ (2.33)

can be deduced, where po is the (zero-frequency) magnitude of the corresponding
bulk resistivity. Strictly speaking, relation (2.33) is valid for diffusion-limited systems,
where the mineral-electrolyte interface behaves like a pure Warburg impedance (e.g.,
Olhoeft, 1985). Based on both theoretical data calculated from the electrochemical
model by Wong (1979) and experimental data documented in the literature for
different mineralized rocks, Olhoeft (1985) determined the relation between t in s and
Ferain 1N M to be

123-10° 7gain (2.34)

which is in accordance with relation (2.33) for a certain range of resistivities.
However, Pelton et al. (1978a) note that the time constant not only depends upon the
mean grain size but also on the mineral concentration in the rock.

In addition to the time constant t, another important parameter in the spectral 1P
method is the Cole-Cole exponent ¢, related to the distribution of relaxation times
and, thus, to the particle size distribution of the mineralized rock (e.g., Wong, 1979).
The largest values of ¢ (0.5<c<1) are found for rocks containing disseminated
mineralized grains uniform in size, as well as for rocks with veined or massive
mineralization (Luo and Zhang, 1998). Rocks that are characterized by a sporadic or
sparsely disseminated matrix exhibit moderate values (0.4 <c¢ < 0.6), whereas for
highly mineralized, inhomogeneous rocks, the smallest values are observed
(0.2 <c¢<0.4). In this way, it is possible to discriminate polarizable bodies according
to their structure using the exponent c. In particular, ¢ can be used to distinguish a
local rich orebody from surrounding mineralized rocks (Luo and Zhang, 1998).
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Comprehensive case histories dealing with the application of the spectral IP
method to various mineral exploration problems can be found in Fink et al. (1990),
Seigel et al. (1997), and Luo and Zhang (1998).

Finally, it may be noted that the complex resistivity method is not only effective
for mineral prospecting, but also seems to be a promising tool in petroleum
exploration, particularly when combined with conventional seismic surveys (Sternberg
and Oehler, 1990; Sternberg, 1991). The origin of IP anomalies related to oil and gas
reservoirs lies in the formation of secondary pyrite when, first, the hydrocarbons are
able to migrate from the reservoir into overlying porous host rocks and, second, a
sufficient amount of sulfate and iron is present in the overburden, causing certain
chemical reactions to take place. These petrophysical and geochemical requirements
are, however, met in many situations (Luo and Zhang, 1998).

2.6.2 HYDROGEOLOGICAL AND ENVIRONMENTAL APPLICATIONS

More than four decades ago, Vacquier et al. (1957) pointed out the usefulness of the IP
method as a supplement to standard resistivity surveys in ground-water prospecting. In
particular, they recognized that the rate of voltage decay in time-domain IP
measurements is principally influenced by the grain size and that, based on this, the
estimation of the hydraulic conductivity of an aquifer might be possible. Later, Ogilvy
and Kuzmina (1972) investigated the dependence of the IP response on particle size
distribution, moisture content, and salinity more thoroughly and applied the method to
detect ground-water accumulations in clay-sand environments, evaluate ground-water
salinity, and differentiate soil with respect to lithology. Also Iliceto et al. (1982)
reported on the interrelation between the shape of the time-domain discharge curve
and the granulometric characteristics of fine sediments and suggest its utilization in
lithotype identification. Dudas et al. (1991) found a qualitative relationship between
resistivity magnitude, percent frequency effect, and the dominant grain size by means
of a nomogram representation of data measured over unconsolidated sediments. An
overview of the published applications of conventional IP surveys to hydrogeological
problems can be found in Draskovits et al. (1990).

All the investigations referred to above do not take the spectral character of
complex resistivity into account, but are restricted to the analysis of IP amplitude in
terms of either chargeability or frequency effect. It was particularly Olhoeft (e.g.,
Olhoeft, 1985) followed by Vanhala and colleagues (e.g., Vanhala et al.,, 1992;
Vanhala and Soininen, 1995) starting to focus on the applicability of spectral 1P
measurements to assess texture, mineralogy, moisture content, and electrolyte
composition of loose sediments. They demonstrated that especially from the shape of
the phase spectrum important petrophysical conclusions may be drawn.
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As outlined in Section 2.3.2, the origin of the IP effect in porous sediments lies in
the ion exchange reactions taking place in the presence of electrically charged particle
surfaces. Since the cation exchange capacity is largest for clay minerals (e.g.,
montmorillonite, kaolinite), the clay content is an important factor in the formation of
the IP response. In addition, the width of the pore spaces, inherently related to the
grain size distribution, affects the magnitude of membrane polarization. For larger
grain sizes (coarse sands, gravels), the free electrolyte paths with pure ohmic
conduction dominate over ion-selective paths, resulting in a decrease of IP amplitude.
This fact is illustrated in Figure 2.6, reproduced from Vanhala (1997), where
resistivity phase measurements are plotted against the mean grain size for a variety of
soil samples. Accordingly, the highest polarizability is observed for sandy silts and
fine sands. The decrease in the phase shift for smaller grain sizes (clayey silts, clays)
can be related to both the migration of the corresponding relaxation phenomena
towards higher frequencies (Vanhala, 1997) and the increasing dominance of the
ohmic interface conduction mode inherent to clay minerals (Schon, 1996). The
distribution in Figure 2.6 is similar to results already presented by Iliceto et al. (1982)
and Dudas et al. (1991). The phase lag typically decreases with increasing moisture
content as well as increasing ion concentration in the pore solution since the influence
of both saturation and salinity on electrolytic conductivity G is stronger than on
interface conductivity cin (see Section 2.3).
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Figure 2.6: Resistivity phase measurements at 1 Hz frequency on various soil samples
against the respective mean grain size. As a whole, the measurements indicate the typical
distribution of the low-frequency IP effect of loose sediments as a function of grain size. After
Vanhala (1997).
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Also for clastic sedimentary rocks, on principle, each relaxation phenomenon
gives rise to a maximum in the phase spectrum. By means of a Cole-Cole model
description, the corresponding time constant may be related to the mean grain size
analogous to eq. (2.34), i.e.,

T~ Tgrain - (2.35)

Such a proportionality is in fair accordance with SIP and granulometric measurements
conducted by Vanhala (1997) on various silt samples. However, it may be noted that
the proportionality constant significantly differs from that in eq. (2.34), which was
found for certain mineralized rocks. Moreover, relation (2.35) implicitly assumes a
rather narrow grain size distribution, for which 7g,in is not only a mean value but the
actual predominant grain size. For wider grain size distributions (e.g., tills), the phase
maxima originated from relaxation phenomena at different spatial scales may ‘overlap’
and add up to a phase spectrum which is nearly constant over a broad range of
frequencies. Further, since membrane polarization is mainly controlled by pore surface
properties, relaxation phenomena are not only related to the grain size distribution but
also to the pore size distribution and the pore surface structure. Beyond the effective
hydraulic radius the pore space of clastic sediments exhibits a fractal character (e.g.,
Kulenkampff, 1994). Although hydraulically ineffective, this part of the pore space
may contribute to the formation of the IP response, which can result in a flat phase
spectrum as well. Therefore, as already mentioned in Section 2.4.3, the assignment of
a unique time constant via the Cole-Cole model might not be appropriate in certain
cases, and rather the CPA model (2.15) should be adopted to describe the spectral IP
behavior.

The close connection between the frequency-dependent IP response and the
underlying pore space geometry can be utilized to estimate one of the most important
hydrogeological parameters, the hydraulic permeability, from complex resistivity
measurements. This is addressed in the following paragraph.

ESTIMATION OF HYDRAULIC PERMEABILITY

The hydraulic permeability, K, with dimension [L*], characterizes the ability of a
medium to transmit a fluid."" On the basis of a simple capillary tube model describing
the pore channels, the Kozeny-Carman equation relates K to the effective hydraulic
capillary radius of the pores, 7., and the formation factor F' according to (e.g., Pape
et al., 1982)

""" In hydrogeology, often the hydraulic conductivity K¢ is used, which already takes the viscosity and
density of water as the single pore fluid into account. It has the dimension [LT™'].
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2

Vett
K= . 2.36
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Expressing eq. (2.36) in terms of porosity @ via Archie’s law yields the simple
relation

K~®"rk, (2.37)

with m being the cementation exponent.

However, by considering systematic grain packings, Berg (1970) derived a more
adequate relationship for sedimentary rocks'?, which in particular takes the influence
of grain size sorting into account:

K=030>"ripe ™. (2.38)

Herein, K is in darcies, 7umin 1S the median grain size in um, and Ay, is a measure of
the spread of the grain size distribution on logarithmic scale. The permeability
reduction factor e *"" is attributed to the increasing effect of the smaller pore sizes
with decreasing grain size sorting.

The effective hydraulic radius of porous rocks is approximately of the order of the
largest present pore radii, which again are determined by the size of the smallest grains
(e.g., Kulenkampft, 1994). On the basis of their fractal rock model (Pape et al., 1987),
Pape and Schopper (1988) give an empirical relationship between 7, Forain , and @ as

re%f ~ CDS.I/(}D) rgzrain D (239)

where D > 2 is the fractal dimension of the pore surface. For consolidated sandstones,
Pape et al. (1987) found D =2.36, but it may be smaller for loose sediments with a
smoother pore space structure.

Now, provided that the spectral response in complex resistivity measurements
exhibits a characteristic time constant t (in the form of a recognizable phase
maximum), from the relations (2.35), i.e., T~ 7an, and, for instance, (2.37) and (2.39),
a proportionality

(2.40)

"2 A recommendable review on different permeability estimation models for sedimentary rocks can be
found in Nelson (1994).
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is readily deduced. Accordingly, the exponent u depends upon the surface fractal
dimension D and the cementation exponent m. Note, however, that D and m are
strongly interrelated.

An alternative relationship is analogously obtained when starting from eq. (2.38).
Since it is plausible to relate the spread of the grain size distribution to the Cole-Cole
exponent ¢ according to A, ~1/c (see Appendix A), it results

T

K~—
FM

eV, (2.41)

The exponent u' =5.1/m < u should typically vary between 2.5 and 4 for consolidated
and unconsolidated rocks, respectively.

Whereas a proportionality K ~ F is well known and numerously reported in the
literature (e.g., Schon, 1996), the relation K ~t is in accordance with Pape and
Vogelsang (1996). They state that an appropriate characteristic relaxation time, which
they derived from the shape of the decay curve in time-domain IP measurements, can
be regarded as a measure of the rock’s permeability. The additional incorporation of
the spread of the grain size distribution via the Cole-Cole exponent, as realized in
eq. (2.41), was recently also proposed by Sturrock et al. (1999) with a view to
permeability estimation.

Obviously, in addition to the time constant and the frequency exponent, also the
formation factor is accessible via complex resistivity measurements. Substitution of
the electrolytic conductivity 6o = Re(c)—Re(oin) (see Section 2.3.2) into Archie’s
law (2.8) yields

3 Gy Sw
~ Re(o)—Im(c)/l’

(2.42)

which may be evaluated at the frequency ®pex, where the phase maximum occurs'”.
Therefore, by means of the proportionality (2.40) or (2.41), changes in electrically
measurable quantities can be related to changes in hydraulic permeability.

As emphasized in the previous paragraph, the fractal microstructure of the pore
space may give rise to relatively flat phase spectra, where the adoption of the Cole-
Cole model would yield uncertain time constants. In such cases, the spectral IP
response should be described by the CPA model (2.15) instead. However, this

" Note that the variation in the formation factor (2.42) due to a typical Cole-Cole frequency
dependence of o is, at the most, of the same order as the uncertainty related to the separation of
Re(o) into electrolytic and interfacial contributions by means of the parameter /.
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provides another approach for the estimation of hydraulic permeability, suggested by
Borner et al. (1996), as outlined below.

Taking the fractal character of the pore surface properly into account, Pape et al.
(1987) derived a modified Kozeny-Carman equation, the so-called Paris equation,
relating K, F', and the surface area to pore volume ratio, Spor, according to

1
YR (2.43)
por
or explicitly for consolidated sedimentary rocks with D =2.36,
K= (2.44)
F S

provided that K is in darcies and Sy, in um™'. For porous sediments with a CPA

response, Borner et al. (1996) experimentally found a direct relationship between Spor
and the imaginary component of conductivity at the reference frequency
®o/2n=1Hz:

Spor =86 Im(c(®y)), (2.45)

where again Syor is in um™', and o is in mS/m. Hence, using the modified Kozeny-

Carman equation (2.44) together with the equations (2.42), for o(wo), and (2.45), the
permeability can be estimated from complex resistivity data.

First applications of the latter approach to field measurements have shown that the
electrically determined permeability values compare reasonably well with those
obtained from grain size analyses at corresponding rock samples (Borner et al., 1996;
Weller and Borner, 1996). However, it seems that a major difficulty in the successful
application of the procedures described above is the correct estimation of the surface
fractal dimension D (Sturrock et al., 1998 and 1999), which occurs within the
exponent of both relations (2.40) and (2.43). Not to mention, of course, the necessity
of performing high-quality, accurate complex resistivity measurements over a broad
frequency range.

CONTAMINATION PROBLEMS

Olhoeft (1985) suggested the application of the complex resistivity method also to
environmental problems such as the characterization of contaminated sites
(industrial/municipal landfills, hazardous waste sites, fuel storage sites, etc.). In many
situations either inorganic or organic contaminants, or combinations of both, are
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present causing measurable changes in the conduction and polarization properties of
the ground."

Most inorganic contaminants are soluble and, thus, give rise to an increase of the
ion concentration in the subsurface pore water. The corresponding increase of the
electrolytic conductivity is mostly distinct enough to be detected by conventional DC
resistivity measurements (e.g., Stollar and Roux, 1975; see also the review by Nobes,
1996). The general influence of inorganic contaminants (e.g., chlorides) on complex
resistivity spectra of sedimentary rocks is discussed, for instance, in Borner et al.
(1993), Vanhala (1996), and Frye et al. (1998). It is of interest to note that the virtual
shape of the spectra, however, seems to be rather independent of the pore fluid
chemistry.

On the other hand, many organic liquids are immiscible with water'’ and,
consequently, constitute an additional, separate phase in the pore space, which
principally affects the interfacial electrical properties of the soil or rock (Borner et al.,
1993). The resulting change, normally a decrease, in ohmic (in-phase) conductivity is
often found to be relatively small and, in particular, may be masked by the much larger
effect of inorganics in the case of combined contamination. However, the influence of
organic substances on the interfacial polarization processes may result in an IP
signature that is accessible by means of complex resistivity measurements. In this way,
not only the detection of organic contamination might be possible, but also the
distinction between inorganic and organic contaminant constituents.

In order to investigate the electrical effects caused by different types of organic
contaminants (organic chemicals, mineral oils) more thoroughly, in the past years
many researchers conducted complex resistivity laboratory measurements either on
artificially contaminated soil or rock samples or on field samples from contaminated
sites. For organic contamination in a clayey environment, Olhoeft (1986) reports an
increase of the IP phase shift. Subsequent complex resistivity and infrared
spectroscopic measurements on toluene-contaminated montmorillonite samples
indicate that this effect is due to the adsorption of organic cations onto the clay
surfaces, catalyzing certain polymerization processes (King and Olhoeft, 1989). These
clay-organic reactions cause a reduction of the cation exchange capacity, resulting in
an increased conductivity phase angle. Vanhala et al. (1992) describe spectral IP
effects caused by toluene, heptane, and ethylene glycol in glacial tills. They conclude
that the underlying electrochemical reactions may be of similar nature as in clay
environments. Borner et al. (1993) conducted complex resistivity measurements on
clean and organic-contaminated clay and sandstone samples. Whereas, accordingly, oil

" A comprehensive classification of soil and ground-water contaminants as well as the various
sources of contamination can be found in Yong et al. (1992) and Fetter (1999).

"> Such contaminants are referred to as non-aqueous phase liquids (NAPLs).
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causes an increase of [P amplitude in clays (qualitatively similar to Olhoeft’s results),
in sandstones the opposite effect is observed. However, the resistivity spectra of
benzene-contaminated sandstones again exhibit an increase of phase lag. Soininen and
Vanhala (1996) as well as Vanhala (1997) investigate the effect of waste and motor oil
on the phase spectrum of glacial sediments (sands, tills). Compared to the clean
samples, in general, the oil-contaminated samples show a weaker IP response. An
explanation could be that the oil detaches ions from the particle surfaces to the
electrolyte (Vanhala, 1997).

Although various published results differ in the observed effects from those
mentioned above, particularly with respect to organic-contaminated field sites (e.g.,
Towle et al., 1985; de Lima and Araujo, 1996), all investigations proved the fact, that
the spectral IP response of soils and rocks is measurably influenced by both inorganic
and organic contamination. However, it must be emphasized that the utilization of the
SIP method in contamination field studies essentially depends upon the natural IP
variations present in the ground. Since, in addition, many organic contaminant plumes
change with time due to a variety of processes (e.g., volatilization, biodegradation,
reactions between contaminant constituents) (Olhoeft, 1992), in practice, the detection,
delineation, migration monitoring, or characterization of subsurface contamination
might be a complicated task.

2.7 DISCUSSION AND CONCLUSIONS

In the previous sections the principles of complex resistivity phenomena in rocks,
aspects related to their description by geophysical measurements and, finally,
possibilities for their utilization to investigate structural characteristics of the
subsurface, either in mineral exploration, or for hydrogeological and environmental
purposes, were discussed. The general usefulness of conventional IP measurements for
the characterization of the earth’s electrical properties, as a complement to standard
DC resistivity surveys, has been recognized for a long time. However, the
investigation of the spectral IP behavior, at first in mineralized rocks, occurred after
the adequate improvement of measurement technology in the seventies; a development
forced by the mineral industry at that time. The capability of performing phase
measurements with an accuracy of less than 1 mrad for frequencies below 1 kHz (e.g.,
Olhoeft, 1985; Vanhala and Soininen, 1995) also built the basis for the subsequent
application of the SIP method in sedimentary environments, involving much weaker
[P responses, starting from the middle of the eighties.

To date, investigations on samples in the laboratory have still been in the fore-
ground, with researchers concentrating on the actual connection between intrinsic
structural characteristics and the resulting spectral IP signature to prove the general
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applicability of the method with respect to source characterization and discrimination;
i.e., addressing the question “what is causing the observations?”. In this context, the
pioneering work of Olhoeft (1985) must be mentioned. He demonstrated that the
different principal electrochemical processes responsible for the observed effects in the
various applications are basically distinguishable from their complex resistivity
spectra. These water-mineral interactions include oxidation-reduction reactions in the
presence of electronic conducting minerals, ion-exchange reactions involving clay or
zeolite minerals, and reactions involving organic materials (particularly clay-organic
reactions).

In addition to source characterization, however, the interpretation of geophysical
field data involves the requirement of spatial localization and delineation of
corresponding objects or structural features within the subsurface; i.e., the question
“where is the origin of the observed effects?” needs to be addressed. In field surveys
where certain a-priori information about the nature of the geophysical target, and
hence the cause of the observations, is available anyway, the question of geometrical
assignment might even be of major importance. Complex resistivity field measure-
ments, first of all, do only provide apparent values of the electrical quantities of
interest. Since these do not directly reflect the true, intrinsic subsurface conditions, but
represent averaged (and often highly distorted) values from a large underground
volume (depending on the measurement geometry, the electrode configuration, and the
electrical properties of the underground itself), it is generally desirable to determine
the underlying complex resistivity distribution from the observations by means of
numerical inversion techniques.

So far, the application of the SIP method to field studies has been mainly limited
to either the interpretation of spectral parameters in terms of simple pseudosections
(e.g., Seigel et al., 1997), the inversion of mere time-domain chargeability (e.g.,
Oldenburg and Li, 1994), or the inversion of spectral parameters on the basis of
simple, rigid underground models, for instance described by one or two polarizable
targets in a homogeneous background medium (e.g., Luo and Zhang, 1998). Whereas
sophisticated inversion schemes have been developed in recent years to image the
subsurface distribution of conventional DC resistivity, there is still a lack of similar
tools for the inversion of spectral complex resistivity (Ward et al., 1995).

For this reason, the main objective within the scope of this thesis was the devel-
opment of an appropriate complex resistivity inversion algorithm which is, first,
capable of handling finely parameterized underground models (a requirement to
enable the representation of basically arbitrary distributions of complex resistivity)
and, second, suitable to be applied to spectral (i.e., frequency-domain) complex
resistivity field data. Such an inversion procedure obviously provides the possibility to
utilize the relations between electrical and petrophysical parameters proven in the
laboratory also at the field scale. It thus enables access to both key issues outlined
above, geometrical origin and structural cause of the observations, and is therefore of
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considerable importance for the interpretation of complex resistivity field
measurements in any practical application.

The theory of both the corresponding forward modeling and the actual inverse
solution, as the two inherent components of any inversion scheme, are presented in the

next chapter.



3 MODELING AND INVERSION
THEORY

3.1 INTRODUCTION

Modern resistivity inversion algorithms are usually characterized by a fine and regular
parameterization of the earth into a relatively large number of pixels. This allows the
representation of basically arbitrary distributions of resistivity by assigning each pixel
an individual resistivity value. In order to overcome the difficulties with respect to ill-
posedness and nonuniqueness inherent in large-scale, underdetermined resistivity
inverse problems, the resulting system of equations must be regularized by additional
constraints. This requirement is normally accomplished by solving the system as an
optimization problem, where a given model objective function (e.g., the model
roughness) is minimized subject to adequately satisfying the data.

Following the terminology in other scientific disciplines dealing with image
reconstruction, such finely parameterized resistivity inversion schemes are now
customarily referred to as tomographic, especially when the underlying electrode setup
is designed to surround the target as much as possible, as for example in crosshole
arrangements. Accordingly, the whole methodology comprising both specific data
acquisition and processing is often shortly referred to as electrical resistivity
tomography (ERT). However, when using these terms one should bear in mind that the
data in geoelectrical surveys, as inherent in any potential method, are more or less
influenced by the entire space and, by far, do not represent simple projections along
raypaths as it is assumed in the classic tomographic sense.

As outlined at the end of the previous chapter, the complex resistivity method for
geophysical investigations at the field scale still lacks of appropriate inversion tools.
Although a few approaches to the subject do exist in the geophysical literature, most of
them have certain restrictions regarding a flexible, tomographic model parameteriza-
tion and regularization on the one hand, or the descriptive IP quantity being used
within the inversion on the other hand. In the following, the basic concepts of the IP
inversion algorithms published so far shall be briefly reviewed in order to point out
their respective limitations.

41
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3.1.1 REVIEW OF IP INVERSION APPROACHES

Most previous algorithms for the inversion of IP data make use of Seigel’s formulation
to model the IP effect in terms of chargeability. Accordingly, the presence of a
polarizable body with intrinsic chargeability m ultimately gives rise to a decreased
effective conductivity ci, = (1—m)c4, where . is the original DC (i.e., real-valued)
conductivity (Seigel, 1959). From the definition of chargeability in eq. (2.19) it is
easily shown that any observed apparent chargeability m, can then be computed by
two separate, conventional DC forward modelings applied to both original and altered
conductivity distribution according to

— fdc(Gip)_fdc(Gdc)
fdc (Gip)

: (3.1)

a

where fq. represents the forward mapping operator. For a given parameterization of
the earth into M cells or blocks with intrinsic DC conductivity 64 ; and chargeability
m; , the linearization of eq. (3.1) yields (Seigel, 1959)

NZ 8lncsdca . (3.2)

81nc5dcj

where o4, denotes the observed, real-valued apparent conductivity corresponding to
m,. The determination of chargeability by means of eq. (3.2), also referred to as
perturbation technique, requires the a-priori knowledge of the underlying conductivity
distribution. As a consequence, IP inversion algorithms that are based on this
technique inevitably work in two steps. Firstly, a pure nonlinear DC resistivity
inversion is carried out, and subsequently, a linear, single-step inversion is performed
to obtain the intrinsic chargeabilities from eq. (3.2).

The fact that the perturbation technique requires only a simple DC modeling
routine was responsible for its implementation in an early, Marquardt-type IP
inversion scheme by Pelton et al. (1978b).! However, due to the lack of today’s
computer facilities and performance, they used precomputed resistivity pseudosections
to model apparent chargeability values. Therefore, their algorithm was basically
restricted to simple prism models and surface electrode arrays.

It was not before the early nineties that LaBrecque (1991) implemented the
perturbation approach within a smoothness-constrained (Occam’s style) tomographic
IP inversion algorithm, which allows both a much finer model space parameterization
as well as the use of borehole electrodes. In particular, the algorithm was applied to

! Unless otherwise stated, all modeling and inversion algorithms quoted in this section presume 2D
underground models.
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crosshole data from controlled experiments in a sediment-filled test basin in order to
investigate fluid flow in the unsaturated zone (Schima et al., 1993). A similar IP
inversion scheme was presented by Iseki and Shima (1992). They applied it to real
crosshole field data and, by this, demonstrated the efficiency of combined resistivity
and IP tomography for the characterization of oil reservoirs. Subsequent applications
include the mapping of an active fault from surface IP measurements (Hasegawa et al.,
1996).

Many computational aspects related to the inversion of chargeability by means of
the perturbation technique were investigated in detail by Oldenburg and Li (1994).
They designed a more general and flexible model objective function to be minimized,
which allows an easy incorporation of any additional (e.g., geological) information or
bias towards certain model characteristics. Moreover, they compared three different
procedures to implement Seigel’s IP formulation within the inversion process. These
range from using the simplified relationship (3.2) in a linear inverse problem, to a full
nonlinear inversion directly based on eq.(3.1). Comprehensive case histories
comprising the application of their algorithm to surface field data can be found in
Yuval and Oldenburg (1996) and Oldenburg et al. (1997). Recently, Li and Oldenburg
(1997) extended the inversion code from 2D to 3D and, in addition, studied the joint
use of surface and borehole data.

Finally, Beard et al. (1996) realized a relatively fast IP inversion algorithm, again
based on the linear relation (3.2), by implementing a low-contrast approximation to
efficiently solve the DC forward problem.

The fundamental restriction of all these approaches with respect to the concept of
complex resistivity is their formulation in chargeability. Obviously, this single time-
domain parameter, describing exclusively the voltage drop at the time of current shut-
down, does not allow the extraction of any spectral information on the IP response.
Strictly speaking, it is not even a quantity actually delivered by any conventional IP
measurement. Also the crude application of the perturbation technique to complex
resistivity data is not plausible from a theoretical point of view. For instance, it does in
no way account for the inherent coupling of magnitude and phase, i.e., of conduction
and polarization, as expressed in the underlying physical relationship described by
eq. (2.7).

An obvious approach to overcome the above-mentioned restrictions is to start
directly from eq. (2.7) to model magnitude and phase of apparent complex resistivity
on the basis of an entirely complex-valued arithmetic. Such a modeling algorithm
provides exactly those quantities that are actually being measured in the frequency
domain and, in particular, takes the inherent coupling of magnitude and phase as a
complex number properly into account.
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This approach was first suggested by Weller et al. (1996a), who implemented it
within a finite-difference modeling code, which again was integrated into a
tomographic inversion scheme (Weller et al., 1996b). However, though the complex
modeling technique is supposed to be more adequate for the interpretation of complex
resistivity data than the perturbation technique, the inversion approach by Weller et al.
(1996Db) still lacks several important achievements of today’s inversion theory. They
adopted the simultaneous iterative reconstruction technique (SIRT), which was
originally developed for linear tomographic problems like X-ray imaging. Although,
in general, numerically stable and converging to some reasonable model also in the
nonlinear resistivity case, SIRT offers no possibilities to bias the inversion process
towards certain model characteristics, i.e., it allows no controlled regularization.
Furthermore, its flexibility regarding an incorporation of individual data weighting
terms, a fundamental requirement to handle noisy field data, is limited. The application
of the complex SIRT algorithm to single-frequency data measured in an experimental
tank yielded only unconvincing images of resistivity phase, which were not used for
any further interpretation (Weller et al., 1996b). As Weller et al. (1996b) state, a
probable reason was the insufficient electrical isolation of the tank’s metal casing,
affecting many of the phase measurements.

To round off the review of documented IP inversion approaches, the recent work
of Daily et al. (1998) must be mentioned. They conducted spectral IP measurements in
a crosshole experiment to monitor the migration of a free product, dense non-aqueous
phase liquid (DNAPL) contamination within a sandy environment. They obtained
tomographic images of the spectral variation in resistivity magnitude by inverting a
frequency-effect-type quantity, which permits the application of a DC inversion
algorithm. However, in terms of mapping spectral characteristics in the electrical
signature of the contaminant plume their attempt was of limited success since,
unfortunately, the actual frequency dispersion was of the same order as the
measurement accuracy (Daily et al., 1998).

3.1.2 CONCLUSION

The preceding discussion on currently available IP inversion schemes manifests the
lack of an appropriate algorithm adopting the concepts of modern inversion theory for
the tomographic interpretation of complex resistivity measurements. In this thesis an
attempt is made to close this gap by combining the respective advantages of the
different approaches proposed so far within a newly developed inversion algorithm.

The basis of the algorithm is the direct modeling of apparent complex resistivity in
the frequency domain via the use of complex arithmetic. In contrast to, for instance,
the finite-difference implementation by Weller et al. (1996a), the finite-element
technique is chosen here, because of its inherent advantages with respect to a flexible
model discretization (e.g., easy incorporation of topography, irregular electrode
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positions). Furthermore, a flexible, efficient, and robust regularized inversion scheme,
which has been extensively applied and continuously improved in various DC
resistivity inversion codes (e.g., Oldenburg et al., 1993; LaBrecque et al., 1996a), is
adapted and extended to the use of complex-valued parameters and data, in order to
solve the inverse problem directly for complex, frequency-domain resistivity. An
inherent benefit of such an approach is that it yields both resistivity magnitude and
phase simultaneously by running a single complex inversion.

It may be noted that the general concept of the complex resistivity inversion was
already published in Kemna and Binley (1996) in association with this thesis.

Before the various aspects related to the solution of the complex inverse problem
are addressed in Section 3.3, in Section 3.2 the solution of the corresponding forward
problem by means of the finite-element technique is presented.

3.2 FORWARD PROBLEM

For the solution of the resistivity forward problem in 2D or 3D environments there
exist various numerical techniques like the integral-equation method, the finite-
difference method, or the finite-element (FE) method. A comprehensive overview of
this matter can be found in Hohmann (1988). The FE technique is usually preferred if
a great flexibility with respect to the geometrical shape of topography, interfaces, or
other geological structures as well as the source and receiver locations is desired. Since
within this thesis the general applicability of the developed inversion algorithm to
nearly arbitrary geological structures and electrode arrangements is considered as one
of the major objectives, the FE method has been chosen.

In the following sections the FE method is adapted to the modeling of complex
electric potentials as a part of the complex resistivity inversion scheme. However, two
basic assumptions are made in order to substantially reduce the overall computational
expense.

First, for the purpose of this thesis it is assumed that the region of interest may be
represented as a 2D complex resistivity distribution. In practice, 3D data processing
also requires specific 3D data acquisition, which involves a comparatively large
amount of field work and thus considerable costs. Therefore, today many surveys are
still performed along 2D sections and approximate 3D images are rather created by
interpolating between several parallel 2D lines (e.g., Dahlin and Loke, 1997). The
limitations of a 2D approach depend upon the actual strike length of the geophysical
target. However, the electrical response of a body only a few times as long in the strike
direction as extended within the considered plane may be already equivalent to that of
a 2D body (e.g., Hohmann, 1990), justifying 2D modeling and inversion in many
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situations (e.g., LaBrecque et al., 1996b). Of course, the presented forward and inverse
problem solutions might be analogously extended to 3D applications.

Second, because of the tremendous numerical simplification within the forward
modeling, all inductive effects are assumed to be negligibly small, i.e., for the
magnetic induction B the fundamental assumption

0B=0 (3.3)

is made. This consequently implies that either the considered frequencies are
sufficiently low or, at least, that any inductive coupling response is removed from the
complex resistivity data prior to inversion using appropriate removal techniques. The
latter issue is addressed in more detail within Chapter 5, dealing with true field data.

3.2.1 BASIC EQUATIONS

From eq. (3.3) directly follows that (in the absence of magnetic sources) the electric
field is curl-free and thus can be written as E = -V ¢, with a scalar complex potential
¢ . Therefore, eq. (2.7) ultimately becomes the well-known Poisson equation

V- (s(@)V(®))- V- js(0)=0. (34)

Note that although formally equivalent to the conventional DC resistivity problem,
eq. (3.4) is actually evaluated at a certain frequency ®. However, the explicit notation
of this frequency dependence is being dropped in the following for simplicity.

Since any particular electrode configuration can be realized via appropriate
superposition, here only a single electrode current source needs to be considered. This
shall be represented as a point source at rs = (xs, ys,2s), 1.€.,

V.js=—106(r—ry). (3.5

By convention, a real (zero-phase) current / and ys = 0 is assumed.

Even for a 2D complex conductivity distribution o(x,z), the electric potential
d(x, y,z) due to a point source is 3D. However, the problem can be reduced to pure
two dimensions by transformation into the wavenumber domain with respect to the
strike direction y. Since ¢(x,y,z) is even in y, this may be performed by the simple
Fourier cosine transform

(6, k,2)=2 [ §(x,y,2)cos(hky)dy , (3.6)

where ¢ and k& are, respectively, transformed complex potential and real
wavenumber. Now, application of the transform (3.6) to Poisson’s equation (3.4) with
source term (3.5) results in the 2D Helmholtz equation (e.g., Hohmann, 1988)
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0,(60,8)+0.(c0.9)- k> § + I8(x—x)8(z—2,) =0, 3.7)
which has to be solved for given boundary conditions
68,0+Bd=0, (3.8)

where n denotes the outward normal and the complex parameter 3 defines the type of
boundary condition. Once the potentials ¢(x,k,z) are calculated for a range of discrete
k values, the inverse Fourier transform

d0x,3,2) == [ §(x,k,2)cos(ky) dik (3.9)

1
T
is applied to get ¢(r).

3.2.2 BOUNDARY CONDITIONS

ERT surveys are generally conducted from both the earth’s surface and boreholes,
defining a vertical 2D plane. The corresponding model geometry is characterized by
homogeneous Neumann boundary conditions, i.e., =0, at the surface (no current
flow in the normal direction) and mixed boundary conditions, i.e., f# 0, at those
boundaries confining the considered region within the half-space (see Figure 3.1 in
Section 3.2.4). In the following, these two types are referred to as surface and half-
space boundaries, respectively.

Due to their much easier implementation, most early resistivity modeling algo-
rithms impose homogeneous Dirichlet conditions on the half-space boundaries, i.e.,
=0 (corresponding to |p|=c0). This consequently requires the usage of large
modeling grids, extending far to sides and depth from the actual region of interest, in
order to keep related modeling errors at an acceptable level. However, here an
approach first suggested by Dey and Morrison (1979) is used instead, where an
adequate, finite value for B on the half-space boundaries is determined via the
asymptotic behavior of the potential for a homogeneous half-space. Such a mixed (or
asymptotic) boundary condition enables the usage of comparatively small grids and,
thus, reduces the overall computational requirements for the modeling.

For a point source in a homogeneous half-space with complex conductivity G,
the analytic solution of the 2D Helmholtz equation (3.7) in the source-free region is

1

TOy

by = (Ko (kr)+Ko(kr.)), (3.10)
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where K, denotes the modified Bessel function of order zero. In eq. (3.10), »~ and 7,
the radial distances from any point to the source and its image (in the case z; #0),
respectively, are given by

ro=y(=x) +(z—2), o=y (x—x) +(z+2,) . (3.11)

Assuming now, in a first approximation, also for the inhomogeneous case c(x,z)
an asymptotic behavior of the transformed potential on the half-space boundaries
according to

10~ (Ko (k) + Ko (k7)) , (3.12)

from the condition (3.8), an expression for the boundary parameter  can be easily
derived using the derivative property of the modified Bessel function. It results

p=ockg, (3.13)
with the real factor

_ Kl(kr—)énr— +K1(k7”+)8nl”+
Ko(kr)+Ko(hr,)

(3.14)
In eq. (3.14), K, is the modified Bessel function of first order.

3.2.3 SINGULARITY REMOVAL

It is obvious that an accurate numerical solution of the partial differential equation
(3.7) near the source is problematic because of the singularity of the delta function.
However, the singularity may be removed (e.g., Lowry et al., 1989) by splitting the
transformed potential into primary and secondary parts according to

b=+, (3.15)

where ¢, is the analytic solution for a homogeneous half-space oo, given in
eq. (3.10). The secondary potential ¢. describes the perturbation of the primary
potential ¢, due to inhomogeneities within the conductivity distribution.

The Helmholtz equation corresponding to mere ¢, is
0.(00 0,8y )+ 0.(00 0.8, )~ 0o k2 §y + I8(x - x)8(z—2)=0,  (3.16)
with boundary conditions

G0 0,0p +Po Py =0. (3.17)
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Now, subtracting eq. (3.16) from eq. (3.7) and subsequently substituting eq. (3.15)
results in a new Helmholtz equation for the secondary potential ¢ :

0.(00,0.)+0.(c0.9,)- ok> §, +0.(Ac8,8, )+ 0.(Ac 8.6, )

- (3.18)
~Ack®, =0,
with Ac=6-06y. Because of eq.(3.13) and hence also Po=00kg, the new
boundary conditions

60,0, + P, =0 (3.19)

are directly found from the equations (3.8), (3.15), and (3.17). Note that eq. (3.19) has
exactly the same form as the original boundary condition (3.8).

The advantage of solving the modified differential equation (3.18) for ¢, instead
of the original equation (3.7) for ¢ lies in the fact that the delta function has been
replaced by a new source term containing only the primary potential ¢,, which can be
calculated analytically. This singularity removal prevents comparatively large errors in
the numerical solution of the differential equation near the electrodes (e.g., Lowry et
al., 1989). Once eq. (3.18) is solved, the sought total potential ¢ is found again from
egs. (3.15) and (3.10).

3.2.4 NUMERICAL SOLUTION BY FINITE-ELEMENT METHOD

In this section the linear FE equations for the solution of the complex Helmholtz
equation (3.18) subject to the boundary conditions (3.19) are derived. Besides the
generalization to complex arithmetic, the presented derivation differs from previously
published resistivity FE modelings (Coggon, 1971; Rijo, 1977; Pridmore et al., 1981;
Queralt et al,, 1991) since it takes explicitly mixed boundary conditions and
singularity removal into account.

A common approach to solve problems by means of finite elements is the
variational method. It starts with the equivalent formulation of the underlying partial
differential equation as a variational stationarity problem by means of some variational
principle. Pridmore et al. (1981) and Jin (1993) formulated a generalized variational
principle that is applicable to problems involving complex operators (like, e.g., the
electromagnetic problem). Adopting this for the complex resistivity problem, it is
easily shown that the sought solution ¢, of eq. (3.18), subject to eq. (3.19), makes the
complex functional
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F= ”{%c[(ax’q”)s J+ (0.6, )2] +lok2§?
4 (3.20)
~[0,(a00,3, )+ 2.(Ac0.6, ) - Ack? G, | &} dvdz + { 1p§2 ds

stationary. In eq. (3.20), 4 and C are the considered region in the x,z-plane and its
boundary (with arc length s), respectively. Note that for the complex problem, the
stationarity requirement O0F =0 cannot directly correspond to the minimization of a
physical quantity (e.g., the energy) as it is true in the real case (Coggon, 1971).

After discretization into N. finite elements A; with constant complex conductiv-
ity o; and N, finite boundary elements C; with constant complex parameter 3; (see
Figure 3.1), the functional (3.20) can be written as (see Appendix B)

F=Y {%q, ] :(a)@s J+ (0.9, )2] dedz + 10, k> [[92 dxds

+ a0, [[10.9,)0.8.)+ (0.5, )0.5.)] drdz + Ao, & [[ 3,5, a’xdz} 3.21)

"‘i [%BJ '[652 ds + AR, I$p s ds},

with Ac; =6, -6 and AB; =P, —cokg,;, where g, is the real factor given in
eq. (3.14), evaluated at the middle of the respective boundary element. A reasonable
value for the complex reference conductivity 6, can be obtained from the mean of the
elements’ log conductivities weighted according to the element size.

At the earth’s surface the homogeneous Neumann boundary condition 3, =0 is
applied. For the half-space boundary elements a mixed condition B; =oc.;kg;
according to eq. (3.13) is imposed, where o is the conductivity of the x; -th domain
element adjacent to the ; -th boundary element.

Within each element a linear approximation of the function 55 , determined by the
values at its nodes 55 i, is used. Thus, the continuous distribution 53 (x,k,z) is replaced
by the approximate discrete solution @, = (ESl(k), cees $s N, (k))T, with N, as the total
number of nodes. For the primary potential $p (x,k,z) the same discretization is

T

adopted, defining the discrete vector @, = ($p1 k,..., $p N, (k))
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Figure 3.1: Example of a finite-element mesh as being used within this thesis for a typical
ERT geometry with both surface and borehole electrodes (indicated by the solid circles).
Whereas each rectangular cell represents an area of constant conductivity, the actual
elemental discretization within each cell is indicated in the bottom right corner of the grid.

Taking the discretization of the transformed potential into account, the individual
integrals occurring in the functional (3.21) can be evaluated analytically, yielding
quadratic forms analogous to the corresponding real-valued problem (see, e.g.,
Schwarz, 1991). These contributions to the total integral are expressed via real,
symmetric N, x N, matrices Si;,S2;,S3;, commonly known as element matrices,’
1.e.,

N
F=Y (1o,®1S,,®, +1c,k*BIS,,®, +Ac, B! S, D,
J=1

(3.22)

Np - - - -
FAG KBS, B, )+ (4B, BI'S;, B, + AR, DSy, B,).

Jj=1

Finally, applying the stationarity requirement OF =0 yields the complex linear
system of equations

S®, =b, (3.23)

? The individual element matrices for the complex resistivity problem are exactly the same as for the
corresponding real problem. Their explicit form, as being used within this thesis, is given in Kemna
(1995).
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with the symmetric (i.e., nonhermitian), diagonally dominant, and sparse FE matrix

Ne

Ny
S=Y" (S, +£7S5,)+ > B;Ss, (3.24)
J=1

J=1

and the right-hand side vector

Ne Ny -
b=-| Y Ac, (S, +k°S,, )+ 21 AB,Ss, | @, . (3.25)
J=

J=1

The above system of equations is solved by means of a complex version of the
Cholesky decomposition

S=LL", (3.26)

where L is a complex lower triangular matrix. Obviously, the solution is then easily
obtained from the equations

Le=b, L'®, =c (3.27)

by forward and backward substitution, respectively. In this thesis, an efficient and
stable numerical implementation of the Cholesky algorithm according to Schwarz
(1991) is used, which particularly exploits the banded structure of the FE matrix S.

3.2.5 SENSITIVITY COMPUTATION

Like within any inversion algorithm making use of gradient information, the partial
derivatives with respect to the model parameters, the so-called sensitivities, must be
known. A very efficient and therefore common approach to compute sensitivities in
resistivity and electromagnetic inversion problems is based on the principle of
reciprocity (for the latter it is referred to, e.g., Geselowitz, 1971 and Tripp et al.,
1984). Independent of the number of model parameters, it requires the successive
solution of the forward problem for individual sources at each receiver position being
involved in the underlying data set. However, in ERT applications, where every
electrode acts as both current injection point and potential measurement point, the
forward problem has to be solved for each electrode position anyway and, hence,
sensitivities can be obtained with little extra effort.

Within this thesis the model parameters are represented by the complex conduc-
tivities of the different finite elements. Consequently, unlike in real-valued inversion
problems, here the derivatives of complex functions with respect to complex numbers
are of interest, i.e., the sensitivities themselves become complex.
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An elegant way of deriving an appropriate sensitivity expression via reciprocity
starts directly from the linear FE equations (e.g., Rodi, 1976; Oristaglio and
Worthington, 1980). Substituting eqgs. (3.24) and (3.25) into the matrix equation (3.23)
and subsequently taking the derivative with respect to the complex conductivity of the
j -th domain element, it is easily shown that

oD

S =—(S, +k°S,.|®D. 3.28
- (51, +Ks5,) (3.28)

Note that although the boundary-element parameters 3; in the expression (3.24) may
be determined with the help of the conductivity values of the respective adjacent cells,
virtually, they must not be considered as domain-element parameters. Therefore, the
derivative 0S/0c; within the right-hand side of eq. (3.28) includes no contribution on
this account.

A further remark on the general complex differentiability of the discrete complex
potential values in ® may be added. Obviously, from eq.(3.24), it is
0S/0Im(c ;) =10S/0Re(c;). Hence, from eq.(3.28), it is readily seen that each
function ¢;(c,) fulfills the Cauchy-Riemann conditions

ORe(d) _ 0Im(d)  Im(d,) _  ORe(h))
8Re(cj)_81m(c5j)’ 6Re(c5j)_ olm(c;)

(3.29)

and, thus, is actually analytic (i.e., complex differentiable).

From the analogy of eq. (3.28) with the original FE matrix equation for the (total)
potential, the sensitivity 8¢:,/dc; , corresponding to a potential ¢,, at node i due to a
source at node /, can be represented as a superposition of potentials ¢., originated
from ‘fictitious’ sources at the nodes m of the j-th domain element (e.g., Sasaki,
1989). By the principle of reciprocity, the values ¢, can be expressed via potentials
¢n.: at the nodes m due to a current /; at node i. Analogous to the DC resistivity
problem (e.g., Kemna, 1995), for the complex sensitivity the expression ultimately
results in:

09
56_/

1 ~ o~
= _T zz Ajn (I)m,i (I)n,l ’ (330)

where the double sum is made over all nodes m, n of the respective element, and a;,
is the m, n-th element of the matrix S;; +k>S,;. From eq. (3.30), the sensitivities are
simply obtained by a weighted sum of complex potential products.
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3.2.6 INVERSE FOURIER TRANSFORM

For the purpose of this thesis all electrodes are assumed to lie in a plane perpendicular
to the strike direction y. Therefore, the complex potential needs to be calculated at
y =0 only, and the inverse Fourier transform (3.9) simplifies to a pure integration of
the transformed potential values:

b =— [ G:Ck)dk. (3.31)

1
T
The numerical evaluation of the integral in eq. (3.31) is based on a combination of

Gaussian quadrature and Laguerre integration as suggested by LaBrecque et al.
(1996a). The result is an expression

0 => w,bi(k,), (3.32)

with different abscissa k,, for which the complex linear system of equations (3.23)
has to be solved, and some real weights w, . Details on the procedure can be found in
Appendix C.

Finally, the complex voltage V; of any arbitrary electrode configuration is
obtained by appropriate superposition of calculated potential values, i.e., Vi =2 i,
or with eq. (3.32),

V=2 W i (k). (3.33)

It is obvious that the order of inverse Fourier transform and superposition can be
interchanged because of the linearity of both operations.

The corresponding sensitivities are calculated in an analogous way from
eq. (3.30), i.e.,

v, od;
—_—= ; ™ (k,). 3.34
0. 2;2;»v acj( ) (3.34)

3.2.7 MODELING EXAMPLES

To prove the validity of the implemented complex resistivity FE modeling algorithm,
computed results for various 2D earth models have been extensively compared against
both analytic solutions and results from other numerical modeling codes. As a
demonstration, in this section modeled pole-pole sounding curves for magnitude and
phase of apparent complex resistivity over a horizontal three-layer model are
presented. The test model is adopted from Weller et al. (1996a) since their modeling
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algorithm, although based on finite differences, is comparable to the one presented in
the preceding sections. In addition, the distribution of the complex electric potential
due to a subsurface current source in the presence of a polarizable body is shown, in
order to illustrate the fundamental difference between in-phase and quadrature
component field patterns.

POLE-POLE SOUNDING OVER THREE-LAYER MODEL

The horizontally layered earth model designed by Weller et al. (1996a) is
characterized by a conductive, polarizable layer embedded in a homogeneous half-
space. The model geometry and the corresponding complex resistivity values in terms
of magnitude and phase are shown in Figure 3.2.

The reciprocity principle is exploited to calculate pole-pole sounding curves from
the modeled complex potential values for a single current injection point at the
surface. Since the sounding shall comprise electrode spacings varying over more than
three decades, the employed model discretization into 60x30 rectangular cells is
characterized by logarithmically increasing cell sizes to depth and both sides, starting
from the current source position in the center. The discretization is identical to that
used by Weller et al. (1996a), allowing a fair comparison of their results with those
obtained herein by the developed FE algorithm.

10 m 100 Qm, -5mrad
40 m 10Qm, -25 mrad
z
o 100Qm, -5mrad
X

Figure 3.2: Parameters of the horizontal three-layer model.

The modeled sounding curves of magnitude and phase of apparent complex
resistivity are shown in Figure 3.3. For comparison, the ‘exact’ solution, calculated by
a linear filter method according to Anderson (1979), and the corresponding deviations
of the FE results are included. Note that the symbols directly represent the grid nodes
of the discretization in the horizontal direction.

According to Figure 3.3b, the errors in the FE solution for spacings up to 1000 m
are less than 1 % for resistivity magnitude and less than 0.2 mrad for resistivity phase.
Even for the largest spacings (where the grid boundary is reached) the errors clearly
stay below 3 % and 1 mrad, respectively. Note that the perfect fit for nodes directly
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neighboring the current source must be attributed to singularity removal, whereas the
usage of mixed boundary conditions is responsible for the fair accordance even
towards the boundaries of the grid.
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Figure 3.3: Modeling results for a pole-pole sounding over the three-layer model shown in
Figure 3.2. a) Modeled curves of magnitude (top) and phase (bottom) of apparent complex
resistivity using the developed FE algorithm (symbols) and an exact linear filter method (solid
curves). b) Corresponding deviations of the FE solution from the exact solution.

RESPONSE OF A POLARIZABLE BODY

The second modeling example is intended to recall the fundamental characteristics of
the complex potential field pattern in the presence of a polarizable body. For clearness,
a single subsurface electrode is used as the current source. The simple model consists
of a purely polarizable 2D block in a homogeneous half-space. Figure 3.4 shows the
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modeling result for in-phase and quadrature component of the complex potential in the
plane through the source point perpendicular to the strike direction.

The field pattern of the real component exhibits the well-known distribution for a
subsurface source in a homogeneous half-space. This in-phase potential principally
depends upon the distance from the current source, as taken into account by the
geometric factor. Note that the assumed mixed boundary conditions at the bottom and
the sides of the grid are exact for the homogeneous in-phase problem, i.e., the
equipotentials intersect the boundary in the correct angle. The quadrature component
represents an exclusively secondary potential originated at polarization dipoles within
the polarizable body (notice the dipole character of the equipotentials). The pattern is
therefore affected by both the location (and shape) of the anomaly and the current
source position.

In particular, from Figure 3.4 it is obvious that for arbitrary electrode configura-
tions (e.g., crosshole arrangements) the observation of negative IP responses, i.e., a
positive phase of the apparent complex resistivity, is not unusual, even if intrinsically
absent (since physically unreasonable).

0
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Figure 3.4: Modeled distribution of in-phase (left) and quadrature (right) component of the
complex potential due to a subsurface point source (indicated by the solid circle) in the
presence of a polarizable 2D block (indicated by the shaded area). The complex resistivity
parameters are 100 Qm, -50 mrad for the anomalous block and 100 Qm, 0 mrad for the
background. The potential values are given in mV, for a current of 100 mA. The underlying
grid geometry corresponds to that of Figure 3.1. However, here a twice as fine model
discretization has been used.
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3.3 INVERSE PROBLEM

After the solution of the complex resistivity forward problem has been covered in the
previous sections, now an appropriate inversion algorithm, similarly based on full
complex arithmetic, is presented. As already outlined before, the algorithm is intended
to meet several basic requirements. These include the capability of simulating
arbitrary, complicated earth structures by means of fine model parameterizations, the
general possibility to incorporate desirable model characteristics, and robustness in the
presence of data errors. The general inversion approach to accomplish these objectives
is addressed first, before its adaptation to the complex resistivity problem and the
numerical solution of the inverse problem are discussed in detail.

3.3.1 INVERSION APPROACH

Basically, any inversion procedure aims to find a model of the subsurface distribution
of the relevant physical properties explaining the given observations, i.e., measure-
ments. However, if the earth is parameterized into a large number of model parameters
(like in the tomographic approach), normally a strongly underdetermined, ill-posed
problem results with an infinite number of possible solutions. This is particularly true
for problems involving inherent nonuniqueness, like the resistivity problem
encountered herein. In such cases, the inverse problem must be regularized by
additional constraints to seek for a wumique model exhibiting specific predefined
characteristics.

Mathematically, this approach is commonly formulated as an optimization
problem, where a properly designed objective function

¥(m) =¥, (m) + L ¥, (m) (3.35)

is sought to be minimized. Herein, for a given model vector m, W4(m) represents the
chi-squared measure of the data misfit, Wn(m) is a model objective function
containing the desired model characteristics, and A is a real, positive number known
as the regularization parameter. For N given data d;, each contaminated by
uncorrelated Gaussian noise with zero mean and individual standard deviation €; (in
the following also simply referred to as the data error of d,), the chi-squared measure
of the data misfit is defined as

¥ym) =3 % (3.36)

where f; denotes the respective operator of the forward solution. The corresponding
RMS error is given by
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"™ (m) = ‘/w . (3.37)

The minimization of an objective function of the form of eq. (3.35) to solve an ill-
posed inverse problem is also referred to as the Tikhonov approach, and in this
context, the model objective function W, plays the general role of a stabilizing
functional (Tikhonov and Arsenin, 1977).

Numerous DC resistivity inversion algorithms are ultimately based on the above
approach, including both 2D (e.g., Sasaki, 1992; Oldenburg et al., 1993; LaBrecque et
al., 1996a; Loke and Barker, 1996) and 3D (e.g., Park and Van, 1991; Sasaki, 1994;
Zhang et al., 1995) implementations. Since the resistivity problem is nonlinear, the
minimization of the global objective function ¥ has to be carried out in an iterative
process, where normally at each step a quadratic approximation of ¥ is minimized to
solve for an update of the current model. This /ocal minimization is usually
accompanied by a univariate line search to find the optimum value of the regulariza-
tion parameter A (e.g., deGroot-Hedlin and Constable, 1990). The iteration process is
stopped when an acceptable data misfit target value Wq is reached. From statistical
theory, W4 should be of the order of the number of (independent) data N,
corresponding to an RMS value of one.

Sometimes the optimization problem is originally formulated slightly different,
even if more correctly from a mathematical point of view. Rather than simply
minimizing the global objective function W in the described manner and assuming
that the final solution is actually the minimum of ¥, with ¥4 = ¥4, one may try
directly to solve for the minimum of ¥, subject to W4 = ¥4 by means of the method
of Lagrange multipliers. The resulting functional to be minimized then is (e.g.,
Constable et al., 1987)

W'(m) = Wy (m) + (W (m) - ¥ ), (3.38)

where the Lagrange multiplier p obviously corresponds inversely with the
regularization parameter A in eq. (3.35). Note that this method, strictly speaking,
assumes a fixed value of p during the minimization process (e.g., Parker, 1994). In
practice, however, the problem is that a suitable value of p is not known beforehand,
in fact it is not even known if any value of p may actually deliver a small enough data
misfit. To overcome this difficulty, the resistivity inversion algorithms adopting this
approach (e.g., Oldenburg et al., 1993) usually modify the target value W; at each
iteration (i.e., they start the iterations with a larger value and continuously decrease it
by some recipe towards the final goal) and, in addition, apply some line search
technique to properly adjust n. Then, of course, the approach of Lagrange multipliers
virtually becomes equivalent to the Tikhonov approach described before, with both
processes minimization of ¥ and adjustment of A being intimately intertwined.
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Apart from the actual numerical procedure to minimize the objective function,
inversion algorithms based on the Tikhonov approach may differ in the choice of the
stabilizing term W,,. It may be defined, for instance, as the deviation from a reference
model or as some kind of spatial model roughness. The latter approach (ultimately
leading to an inversion type commonly referred to as smoothness-constrained,
minimum-structure, or Occam’s style’) is usually adopted if no specific prior
information on the subsurface is available. Smoothing may be implemented by a first-,
second-, or even higher-order differential operator, either imposed on the model itself
(e.g., LaBrecque et al., 1996a) or on the model update at each iteration step (e.g.,
Sasaki, 1992). A discussion on different smoothing variants as applied to the DC
resistivity inverse problem is given by Zhang et al. (1996). The great flexibility
provided by the usage of a more general model objective function is demonstrated by
Ellis and Oldenburg (1994a). They show how a proper design of ¥y, helps biasing the
resistivity inverse solution towards specific desired or expected model characteristics.

The complex resistivity inversion algorithm presented in the following is directly
based on the Tikhonov approach, i.e., an objective function according to eq. (3.35) is
minimized. For the purpose of this thesis, a conventional first-order spatial smoothing
is adopted, i.e.,

¥, (m) = [[[Vm[* drdz, (3.39)

where |...| represents the standard L,-norm, and V is the 2D gradient operator. The
numerical solution of the minimization problem, including the employed line search
procedure to determine the regularization parameter A at each inverse iteration step, is
subject of the Sections 3.3.3 and 3.3.4.

3.3.2 PARAMETERS AND DATA

It seems obvious to formulate the complex resistivity inverse problem directly for
complex parameters and data, i.e., to jointly invert for resistivity magnitude and phase
as a complex number. An inherent advantage of such a formulation is that the inverse
solution can be obtained in an elegant way using complex calculus. By the following
definitions and considerations, it is shown that the inversion approach outlined in the
previous section can be applied to the complex-valued problem in a straightforward
manner.

3 After William of Occam, whose razor cut away unnecessarily complicated or unnecessarily
numerous hypotheses (Constable et al., 1987).
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Within the complex resistivity inversion, log transformed parameters and data
shall be used to account for the wide dynamic range of resistivity magnitude
encountered in earth materials. In terms of conductivity, the model vector m and the
data vector d of the inverse problem may thus be defined as

mJ:h’l(SJ (jzl,...,M),

(3.40)
d, =Inc,, (i=1,...,N),

where o, are the complex conductivities of the individual cells of the underlying
finite-element mesh, G,; are the measured apparent complex conductivities, M is the
number of parameters, and N is the number of measurements. The apparent
conductivities are given by

1
Ga;

=, 3.41
=67 (3.41)

with G; and Z;=V;/I; denoting, respectively, geometric factor and transfer
impedance of the 7 - th measurement.

Note that the complex log function in eq. (3.40) separates log magnitude and
phase of its argument into real and imaginary part.* For instance, the real and the
imaginary parts of the complex data d; are given by —In(|G; Z;|) and — ¢;, where the
latter may denote the phase of ,;.

From the equations (3.40), for the elements of the Jacobian matrix A of the
complex inverse problem it results (by the complex version of the chain rule)
_odi _ o; 0V

(3.42)

ajj

The right-hand side of eq. (3.42) is computed according to eq. (3.34).

The data misfit ¥4 in eq. (3.36) contains the individual differences between the
data d; and the model responses f;(m), i.e., |d; — fi(m)|. For complex data, this
quantity obviously represents the distance between the two respective points in the
complex plane. The complex inversion approach thus involves the minimization of the
chi-squared measure of these distances, as a part of the objective function (3.35), until
the target value W4 is reached.

* Since the phase values observed in the complex resistivity method are very small and, in particular,
lie within the range (—m, ], the complex logarithm is not ambiguous in this context but always the
principal value.
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It must be emphasized that although decreasing the difference between the real
parts or, respectively, the imaginary parts of two complex numbers implies a smaller
distance between the corresponding points in the complex plane, the inverse statement
is not necessarily true, as illustrated in Figure 3.5. For extremely noisy complex
resistivity data, this circumstance can place some restrictions on the quality of the
inverted image of resistivity phase. This problem and how it can be overcome is
addressed in Section 3.3.6.

Im

——» Re

Figure 3.5: Representation of individual data misfit for two different models m; and m, in
the complex plane. Note that for this example, |d;— fi(my)|<|d;— fi(m;)|, but

[Im(d; = fi(m2))| > [Im(d; - fi(mu))|.

For real-valued inverse problems, the data can vary only in one dimension, i.e.,
any data noise is one-dimensional. A complex number on the other hand, understood
as a real vector with two independent components, real and imaginary part, may be
subject to errors in two dimensions. However, for quantities depending on multiple
variables, each of which contaminated by uncorrelated Gaussian noise, the
denominators in the chi-squared merit function (3.36) must be extended to the
respective sum of the individual variances (e.g., Press et al., 1992), scaled according to
the law of propagation of errors.

For the problem encountered here, real and imaginary part are given by, respec-
tively, log magnitude and phase of the apparent complex conductivity. Since
|0d; /oIn|Z,|| =| od; /69| =1, the chi-squared measure of the complex data misfit may
be consequently written as

_ S |d; —fz’(m)|2
P = 2 A+ (har 04

i=1

Herein, Aln|Z;| denotes the error in log magnitude of the transfer impedance, and Ag;
denotes the error in the corresponding phase value (note that, as a constant, G; yields
no contribution). Now, with the straightforward definition of a complex data error ¢;
according to
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__od; Aln|Z,| + od; AQ; =—Aln|Z;|—iAg; , (3.44)
oln|Z,| o0,

i

eq. (3.43) can obviously be identified with the compact form of eq. (3.36). Note that
the complex error g; implicitly defines a confidence region ellipse in the complex
plane around the data point d;. Thus, the definition in eq. (3.44) is not only practical
but also reasonable.

3.3.3 NUMERICAL SOLUTION

To ultimately solve the complex resistivity inverse problem by complex algebra, both
contributions to the global objective function (3.35), data misfit and model objective
function, are first expressed as complex matrix-vector products measured by means of
the complex L,-norm’.

The complex data errors &; according to eq.(3.44) may be assembled in a
diagonal data weighting matrix Wy, i.e.,

Wd :diag(l/sl,...,l/sN). (345)

Note again that the errors are assumed to be uncorrelated. With eq. (3.45), it is
straightforward to write the data misfit of eq. (3.43) as

2
5

Wy (m) = | W, (d - f(m))|

(3.46)

where f represents the operator of the forward solution. Rewriting eq. (3.46) as

[We @—1)|" =|||Wa Re(d— )| + | [Wq| Im@ 1), (3.47)

with the real matrix [Wq| = diag(l/|ei1], ..., 1/|en]|), exhibits the fact that in the complex
formulation it is assumed that both real and imaginary parts of d, here represented by
log magnitude and phase of the o,;, are subject to the same weighting matrix. This,
however, is nothing else but the inherent consequence when measuring the data misfit
by means of the complex L,-norm.

As it is shown in Appendix D, the model objective function (3.39), imposing a
first-order smoothing on the complex model m, can be expressed via a real model
weighting matrix Wy, as

¥, (m) =W, m|. (3.48)

> Note that the L,-norm of a complex vector z is defined via the multiplication by its complex
conjugate transpose (denoted by H), i.e., ||z|* =z"z .
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Again, eq. (3.48) implies that the same weighting matrix is assigned to the real and
imaginary parts of m, since

[ We m|” = Wo Re(m)|[” + | W, Im(m) [ . (3.49)

In many practical situations, the subsurface structures to be investigated are
characterized by a preferential spatial orientation in the horizontal or vertical direction
(e.g., horizontal layers, vertical dikes). Then it may be desirable to bias the inverse
solution accordingly by an anisotropic smoothing of the model. This can be easily
accomplished by separating the matrix W,, with respect to x- and z-direction into
matrices W, and W., respectively, and introducing two real smoothing parameters
o, and o, (e.g., Oldenburg et al., 1993). In terms of the model objective function
(3.48), it can be written (see Appendix D)

WaW, =a, W, W, +a, W, W, (3.50)
where o, and a. are chosen from the interval (0,1].

With the equations (3.46) and (3.48), for the global objective function to be
minimized it results

¥(m) = (d—f(m))" Wi'Wy(d—f(m))+ i m" WiW,m, (3.51)

where H denotes the complex conjugate transpose (Hermitian). Since the forward
problem is nonlinear, the minimization of eq. (3.51) is performed iteratively by the
Gauss-Newton method. Starting from a model my, at each inverse iteration step ¢ a
quadratic approximation of W at the current model m, is minimized, yielding a
complex linear system of equations to be solved for a new model update Am,. In
detail, one obtains the ‘normal equations’ (Kemna and Binley, 1996)

B,Am, =b,, (3.52)

with
B, =AW/ W,A, + L W, W, (3.53)

and
b, = A'Wi'W, (d—f(m,))-A W, W, m, . (3.54)

The derivation is outlined in Appendix E. Note that in the equations (3.53) and (3.54),
A, i1s the Jacobian matrix according to eq. (3.42), evaluated at the model m,. The
quantities 2B, and —2b, represent approximations for the Hessian matrix and the
gradient vector of ¥(m, ), respectively (see Appendix E).

The use of fine model parameterizations in the tomographic inversion approach
may result in several thousands of model parameters even for 2D problems, involving
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computational difficulties in the direct solution of the matrix equation (3.52). One way
to overcome these difficulties is to compute an approximate solution by means of
iterative relaxation techniques. A very popular representative of such techniques is the
method of conjugate gradients (CG), originally developed for solving linear systems
(Hestenes and Stiefel, 1952) or, equivalently, for minimizing quadratic functionals
(Fletcher and Reeves, 1964).

The CG technique has been variously proved to be an effective tool for the
solution of large-scale, real-valued geophysical inverse problems like, for instance, in
the field of seismic traveltime inversion (Scales, 1987; VanDecar and Snieder, 1994)
or DC resistivity inversion (Zhang et al., 1995). Here, it shall be adopted to solve the
complex linear system of equations (3.52), i.e., to minimize the quadratic approxima-
tion of the objective function (3.51) at each inverse iteration step of the Gauss-Newton
method.

Since the matrix B, in eq. (3.53) is Hermitian and positive definite, the complex
version of the standard CG algorithm can be applied straight away (e.g., Hestenes,
1980; Morita et al., 1991). The resulting algorithm is:

calculate B,, b,
Amq :0,r0 :bq’pl =Ty
do k =1, # CG iterations

H H
=T, /Yo
B klkl/kaZ}iszz
Pr =i +BiPia

Oy =1'kall'k71/PEBqu (3.55)
Am, = Am, + o, Py
re =T — ;B p;

end do

m,,; =m,+Am,.

Herein, & is the CG iteration index, Am, is the estimate of the solution vector with
residual rx, ps is the CG relaxation direction, and o, B« are the corresponding step
lengths. Apart from the computation of ox and B, the complex CG algorithm (3.55)
is identical to that implemented by Mackie and Madden (1993) to solve the 3D
magnetotelluric inverse problem.

To improve the convergence properties of the CG algorithm, in addition a
diagonal scaling of the matrix B, is used for preconditioning (Pini and Gambolati,
1990). Note that the diagonal elements of B, are positive real numbers since the
system is positive definite.
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From theory, the CG method must have converged after at most M iterations,
with M being the number of model parameters, i.e., unknowns. However, here the
solution vector Am, represents only a model update within the iterative Gauss-
Newton process. For this purpose, the knowledge of a reasonable approximation of
Am, is sufficient. In the implemented complex resistivity inversion algorithm, the CG
iterations are being stopped when the normalized squared norm of the residual vector,

H

cG _ Tk

& =" , (3.56)
Iy Iy

reaches the value 107*, typically after M/40 to M/20 iterations. It was found that a
larger number of iterations does not effectively improve the resulting data misfit after
updating the model according to the approximate CG solution.

As outlined above, the procedure employed to minimize the (nonquadratic)
objective function ¥ is a combination of the complex-valued CG method (for
minimizing a local, quadratic approximation of ¥ ) with the standard Gauss-Newton
method. Consequently, within the inversion process one has to distinguish between the
inner CG iterations (index k) to solve for a model update and the outer Gauss-Newton
iterations (index ¢ ) to ultimately solve for the model minimizing ¥ . Note that this
approach requires the solution of the forward problem [i.e., the computation of f(m,)
and A, ] only at each outer Gauss-Newton step to determine B, and b, .

There also exists another approach to minimize nonquadratic functionals like W
by the CG technique alone, going back to Polak and Ribi¢re (1969). Herein, at each
CG relaxation step the model itself is updated, i.e., my. =my +oa,pr [cf. the
corresponding line in the algorithm (3.55)], where the step length o is chosen to
minimize ¥ as a function of oy, i.e., a line search is performed. The new gradient of
Y(my,) is directly evaluated and used to determine the subsequent CG direction
p«+i. Thus, this approach involves only a single iteration cycle (the outer Gauss-
Newton iterations vanish) at the price of having to calculate the gradient vector,
virtually given by eq. (3.54), at each CG step (note that the Hessian is not exploited at
all). The connection between the combined Gauss-Newton/CG method and the Polak-
Ribi¢re method is discussed in Hestenes (1980).

The Polak-Ribiere method has also been applied to nonlinear geophysical inverse
problems. For instance, it was used by Ellis and Oldenburg (1994b) for 3D DC
resistivity inversion and by Mora (1987) for 2D seismic inversion. In particular, Mora
(1987) showed how to incorporate the Hessian information within a sophisticated CG
preconditioner.
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3.3.4 REGULARIZATION PARAMETER AND STEP-LENGTH DAMPING

As already outlined in Section 3.3.1, at each inverse (i.e., Gauss-Newton) iteration step
an optimum value of the regularization parameter A has to be found. For this purpose,
a univariate search is performed and the data misfit Wy is evaluated as a function of
A . The implemented procedure finds the maximum value of A (locally) minimizing
Yq(MN) or, respectively, yielding the desired target misfit W4 . This approach is similar
to that originally employed by deGroot-Hedlin and Constable (1990) and later adopted
by, e.g., Oldenburg et al. (1993) and LaBrecque et al. (1996a).

In this thesis, the line search is carried out by successively solving eq. (3.52) with
different trial values A, of the regularization parameter. After each time an additional
forward modeling is performed to determine the resulting data RMS error ¢*5(1,).
The search begins at the optimum value of A of the previous Gauss-Newton iteration.
The subsequent trial values are then chosen according to a formula

hia = A e ()] (3.57)

until the minimum of &*°()) has been found or the target misfit is reached. In
eq. (3.57), the real, positive scalar function #4[...] depends upon the current data RMS
error in a way that it decreases A; if €"™5(%;)>1 and increases A, if e™M5(A,)<1.°
For the explicit choice of %, in particular accounting for a finer adjustment of A
towards the end of the inversion process, it is referred to Appendix F.

Following the suggestion of Newman and Alumbaugh (1997), an adequate starting
value A, at the first inverse iteration step may be estimated from the row sums of the
matrix product A" W/ W;A. Such a choice properly scales the regularizing term
AWa W, in eq. (3.53) at the beginning of the inversion process. However, whereas
Newman and Alumbaugh (1997) use the maximum absolute row value which occurs,
for the problem considered herein five times the corresponding mean value has been
found to be sufficiently large. Taking in addition the smoothing parameters o, and
o, into account, it is

1, (3.58)

where  denotes complex conjugation.

% Note that £*S =1 corresponds with Wy = W4 if W is taken to be the statistically expected value,
i.e., the number of independent data N (provided that the data errors are normally distributed and
the standard deviations €; are correctly chosen).
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The solution vector Am, of the matrix equation (3.52) minimizes a quadratic
approximation of W at the current model m,, obtained by linearizing the forward
problem f at that point. Since the problem actually is nonlinear, it might happen that
updating m, by the full step Am, causes the true local minimum of ¥ to be
overshot. A common approach to prevent from overshooting, also referred to as step-
length damping, is to step only partly into the direction of Am, (e.g., LaBrecque et al.,
1996a), i.e.,

m,, =m,+sAm,, (3.59)

where s denotes the step length with s € (0,1].

In the developed inversion algorithm, step-length damping is implemented as
follows. Once the optimum value of A has been found, which implies that
Y(s=1)=¥(m, + Am,) has been calculated, a second forward modeling is run for
s =0.5 to evaluate ¥(5=0.5)=%¥(m, +0.5Am,). Since ¥(5s=0)=¥(m,) is known
anyway, it is now possible to fit a parabola to the three points W(s=0), ¥(s=0.5), and
Y(s=1) as a function of s. Finally, the step length smin corresponding to the smallest
value of the parabola in the range s €(0,1] is chosen to ultimately update the model
according to eq. (3.59). Note that if smin #1, this normally implies that the forward
solution has to be carried out once again.

3.3.5 ROBUST INVERSION

In the presented complex resistivity inversion algorithm the standard L,-norm is
being used as the measure of data misfit and model structure. The approach of
minimizing the objective function ¥ is thus inherently related to the family of least-
squares methods, which represent an efficient means of parameter estimation if the
data errors are normally distributed and the correct variances are known. However,
geophysical measurements are inevitably subject to errors of various sources and
nature,” and seldom their true statistical distribution is known. Therefore, the error
description by means of estimated standard deviations is often far from being correct,
in particular in the presence of data outliers.

An efficient procedure to account for incorrect data noise estimates in the
L,-formulated DC resistivity inversion problem was suggested by LaBrecque and
Ward (1990) on the basis of a robust estimation method originally described in

7 Errors in complex resistivity measurements may be due to, for instance, electrode effects (poor
galvanic coupling, polarization effects), incomplete removal of electromagnetic coupling, cultural
and telluric noise, or simply instrumental errors. When inverting the data, additional errors arise
directly from the limited accuracy in the numerical forward solution, especially when presuming the
true earth to be 2D. Discussions on the particular characteristics of error distributions in ERT data
sets can be found in Binley et al. (1995) and LaBrecque et al. (1996a).
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Mosteller and Tukey (1977). It is characterized by the iterative correction of the
individual error estimates at each Gauss-Newton step of the inversion. As recently
stated by Farquharson and Oldenburg (1998), this approach represents a merger of the
iteratively reweighted least-squares method, generally used to incorporate robust (non-
L,) measures of misﬁt,8 with the standard Gauss-Newton method. Here, the scheme
of LaBrecque and Ward (1990) is applied to the complex data errors €; of eq. (3.44).

Let %, denote the vector of the individual data misfits at the ¢ - th inverse iteration
step, i.e.,

di - i m
Xig :#. (3.60)
i,q

Then the new error estimates for the (g +1)-th inverse iteration are determined by the

three-step process
! —
€ =8&iyq \/‘Zi,q ,

XV
el =¢! L (3.61)
%],
gy 1f [Ef|<]g; ]
8., 1 = .
1,4+ 8:[ lf |8:'|>|81,q| ’

where the temporary misfit vector ' is given by replacing €; , in eq. (3.60) by &,
and |...| 1 denotes the L,;-norm. Note that, compared to the L,-measure, the
L;-measure is much more insensitive to existing outliers (e.g., Claerbout and Muir,
1973). In the first step of the scheme (3.61), the current error estimates ¢; , are altered
according to the corresponding individual data misfit. Step two represents a
normalization of the new values in order to keep the L,-measure of the overall misfit
at the original level. Finally, the third step ensures that the error magnitudes are at the
most increased by the procedure, never decreased. In all, the scheme properly adjusts
the error estimates of those data being significantly poorly fit by the current model
m,.

The efficiency of this method when being used within a DC resistivity tomo-
graphic inversion algorithm is demonstrated in Morelli and LaBrecque (1996). Even in
cases of underestimating the true error level by a factor of 10 or in the presence of

¥ A recommendable review on robust methods in linear inverse theory is given by Scales and
Gersztenkorn (1987), covering the general idea of using L ,-measures with 1< p <2 (inclusive of
the special case p =1, resulting in least-absolute-deviations inversion), the practical implementation
in the iteratively reweighted least-squares algorithm, and in particular, the history of robust
inversion.
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large systematic errors (e.g., due to misconnecting two electrodes), the robust scheme
yields excellent, stable reconstruction results.

3.3.6 FINAL PHASE IMPROVEMENT

The joint inversion of resistivity magnitude and phase by means of complex calculus is
based on the standard complex L,-norm as the measure of data misfit and model
structure. As an inherent consequence, the complex inversion algorithm basically
seeks to minimize (in a least-squares sense) individual distances between two points in
the complex plane, either in data or model space.

Now, for complex resistivity data the misfit in log magnitude (the real component)
is typically one order of magnitude larger than the misfit in phase (the imaginary
component), where the latter is measured in rad. Accordingly, the individual noise
levels of log magnitude and phase often differ by about a factor of 10. For instance,
the log magnitudes may be contaminated by random Gaussian noise with a standard
deviation of Re(g;)=0.05 (which corresponds to a relative error in magnitude of
5%), whereas the noise level for the phase values may be given by
Im(e;) = 5mrad = 0.005rad. Therefore, the individual confidence region ellipses in
the complex plane, described by the complex data errors ¢;, are generally elongated in
the real direction.

For error ellipses with extremely bad aspect ratios (e.g., in the case of relatively
noisy data magnitudes), it may happen that the complex misfit is already brought
down by the complex inversion process to some acceptable value although the phase
fit itself is still rather poor (see Figure 3.5). As already mentioned in Section 3.3.2, this
would result in poor quality phase images.

An obvious approach to attack this problem, if evident, is to run additional
inversion iterations purely for the phase — that is while keeping the recovered
distribution of resistivity magnitude fixed — once the complex inversion process has
converged. Such a procedure thus represents a conventional real-valued inversion to
improve the image of resistivity phase provided by the complex inverse solution. In
detail this means that at the end of the complex inversion the phase values —; are
taken as the new data (which are modeled in the same way as before from the current
complex resistivity distribution) and a new inverse problem is iteratively solved for an
update of the phase values of the complex model at each iteration. The corresponding
inversion algorithm, however, is directly obtained from the presented complex version
by simply replacing the relevant quantities in all above equations according to:’

? Note that Re(a; ) = 0Im(d;)/0Im(m;) [cf. equation (3.29)].
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m; —>1Im(m,) ,
Ji =>1Im(f;) -,
d; >Imd;) ,

g, > Im(e;) (3.62)

ay‘ —> Re(a,,) )

Am; — Im(Am;).

Therefore, this final step in the overall inversion process, in the following also referred
to as final phase improvement, is easily implemented using the same subroutines as for
the full complex inversion. Note that the general inversion approach, however,
remains unchanged (including aspects like regularization, step-length damping, robust
error estimation, stopping criterion, etc.).

The efficiency of the above procedure is being demonstrated in the next chapter
within the scope of the comprehensive investigation of the complex resistivity
inversion by means of synthetic model examples.

3.4 SUMMARY

In this chapter, an algorithm for the 2D tomographic inversion of complex resistivity
data was presented. The algorithm is based on the finite-element method for forward
modeling and a regularized Gauss-Newton approach to solve the inverse problem,
with both parts being formulated in terms of complex arithmetic.

Since all electromagnetic effects are neglected, the forward problem can be
reduced to a simple Poisson equation for a point source analogous to the conventional
DC case. By carrying out a Fourier transform with respect to the assumed strike
direction, a complex-valued, purely 2D Helmholtz equation is deduced, which is then
discretized by means of the FE method subject to the given boundary conditions.
Except for the surface, where homogeneous Neumann conditions are imposed, all grid
boundaries are of mixed type, taking the asymptotic behavior of the complex potential
adequately into account. Singularity removal is implemented in order to keep the
modeling errors near the electrodes at a minimum. A complex version of the Cholesky
method is used to solve the resultant FE matrix equation for the secondary potential
attributing to inhomogeneities in the underlying conductivity distribution. The
complex resistivity response for an arbitrary multipole electrode configuration is
finally obtained by application of the inverse Fourier transform and appropriate
superposition. The corresponding complex sensitivities are efficiently calculated via
the principle of reciprocity.



72 Chapter 3

The inversion procedure uses log transformed complex parameters and data to
jointly invert for resistivity magnitude and phase at a given measurement frequency.
The objective function being minimized is composed of the complex L,-measures of
data misfit and first-order model roughness, with both terms being balanced by means
of a regularization parameter. Due to the nonlinearity of the forward problem, the
minimization results in an iterative Gauss-Newton scheme, where at each step a
complex linear system of equations is solved for a model update by means of the
conjugate-gradient method. Moreover, at each inverse iteration step a univariate search
is performed to find the maximum value of the regularization parameter which locally
minimizes the data misfit function or, respectively, yields the desired target misfit. In
addition, a robust data reweighting scheme may be applied in the presence of poor data
noise estimates. The optimum step length into the model update direction is
determined by means of three-point parabolic interpolation to prevent the algorithm
from overshooting. The inverse iteration process is stopped when the desired data
misfit target value is reached. However, to overcome a possible lack of resolution in
resistivity phase due to large errors in the magnitude data, the inversion process may
be continued for the phase alone. This results in a conventional real-valued inverse
problem, with the magnitude distribution from the complex solution being used in the
(still complex) forward model.



4 SYNTHETIC MODEL EXAMPLES

In order to investigate the efficiency of the complex resistivity inversion developed in
the previous chapter, three different synthetic models were derived representing
typical problems that may be encountered in the different fields of application. The
models were deliberately designed to keep a reasonable balance between exhibiting
some realistic complexity on the one hand and, nonetheless, being sufficiently simple
to clearly point out the respective characteristics of the inversion scheme on the other
hand.

As an example for environmental applications, the first model represents a
contamination scenario involving two overlapping contaminant plumes, each of which
characterized by an individual electrical signature. The two plumes may be given, for
instance, by specific components of a complex subsurface contamination (e.g., soluble
and insoluble components). The second model describes a typical lithologic situation
as being of interest in many hydrogeological applications. It consists of two clay layers
(or lenses) which are embedded in a sandy aquifer. To address a typical problem in
mineral exploration as well, model three finally represents a dipping fracture or shear
zone within an overburden-covered host rock, exhibiting a characteristic complex
resistivity response due to, for instance, the presence of a significant amount of net-
textured sulfide mineralization. Whereas the first two models are considered for a
single frequency only, the third model was set up to be frequency-dependent in order
to investigate the feasibility of recovering intrinsic spectral parameters by means of
tomographic complex resistivity inversion.

4.1 CONTAMINANT PLUME MODEL

For cases of combined organic and inorganic subsurface contamination the
measurement of resistivity magnitude alone may give inadequate information to
identify each plume, since the conductive characteristic of an inorganic substance
dissolved in the pore water is often likely to hide the resistive signature of a non-
aqueous organic. By analyzing the system, however, as a distribution of complex
resistivity, the phase response may provide additional information to delineate the two
contaminants (see Section 2.6.2).

73
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In order to demonstrate the complex resistivity inversion for such a problem, the
first synthetic model was derived to represent a realistic contamination scenario in
which an electrically conductive inorganic contaminant plume, controlled by hydraulic
gradients, followed a different pathway to a dense, gravity driven, resistive organic
plume. Unlike the inorganic, the organic contamination additionally may give rise to
an increased IP effect in terms of a significant change in resistivity phase. In its
essentials, the dual plume model was already presented in Kemna and Binley (1996).
Figure 4.1 shows the slightly modified version being used in this thesis.
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Figure 4.1: Definition of the contaminant plume model. The solid circles indicate the position
of electrodes.

The electrode setup consists of 34 electrodes arranged in two boreholes and at the
surface (see Figure 4.1). A finite-element mesh with 52x56 =2912 elements was
used to model a data set of altogether 404 different dipole-dipole measurements. The
data set was obtained by including all possible combinations with a fixed dipole length
of two electrode separations for both current injection and measurement dipoles
(reciprocal configurations were disregarded). In practice, this choice represents a
reasonable compromise between signal strength and resolution.' To avoid relatively
large as well as small voltage magnitudes, respectively, configurations with both
dipoles being less than two electrodes apart and those with a geometric factor greater

! Discussions on different electrode configurations that may be used in ERT data sets can be found in,
for example, Sasaki (1992), Zhou and Greenhalgh (1997), and Sullivan and LaBrecque (1998).
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than 10° m were left out. The resultant 404 modeled transfer impedances, each of
which consisting of magnitude and phase, then acted as input to the inversion
procedure.

According to early ERT studies (e.g., Sasaki, 1992; Shima, 1992), for all inver-
sions in this thesis a regular parameterization characterized by two model cells per
electrode separation is used. In general, however, for a smoothness-constraint
regularization as applied herein, there are no lower restrictions on the model cell size
placed by numerical stability aspects. The employed parameterization rather represents
a compromise between the highest possible geometrical freedom of the model on the
one hand (see, e.g., discussion in Oldenburg and Li, 1994) and the computational
requirements of the inversion, intimately related to the total number of parameters M ,
on the other hand. For the present example, the inversion mesh is identical to that of
Figure 3.1, with M =26x28 =728, and thus coarser than the mesh originally used to
generate the synthetic data.

As the starting model of the inversion always a homogeneous distribution is used,
with its value determined from the arithmetic mean of the log-transformed apparent
complex resistivity input data.

NOISE-FREE INVERSION

To study the efficiency of the complex resistivity inversion procedure in the optimum
case of perfect measurements, a first inversion was performed without adding noise to
the synthetic data. However, in order to account for possible modeling errors
introduced by the finite-element solution itself (see Figure 3.3), uniform complex data
errors g; corresponding to 1.5 % relative error in magnitude and 1 mrad absolute error
in phase were assumed within the inversion to evaluate the data misfit. Note that these
tolerances also define the level to which the data are sought to be fit by the inversion
process. Due to the 2D character of the contaminant plume model geometry, no
directional bias was imposed on the model roughness, i.e., a, =a. =1 was chosen.
Moreover, the iterative reweighting of the data according to the robust error estimation
scheme (see Section 3.3.5) was disabled and no extra final-phase-improvement step
(see Section 3.3.6) was carried out.

Figure 4.2 provides insight into the iterative evolution of the resultant inversion
process. It displays the behavior of the regularization parameter A, the data misfit Wy,
and the model roughness W, as the individual constituents of the global objective
function ultimately being minimized by the inversion. Note that the major decrease of
Yy, and correspondingly increase of W, takes place within the first four inverse
iterations. Figure 4.3 illustrates the typical convergence behavior of the conjugate
gradient method being used to calculate the model update at each inverse iteration
step. Accordingly, the residual is not continuously being decreased, but the
convergence curve occasionally exhibits single relaxation directions where the residual
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again increases. Normally, however, the subsequent relaxation step immediately
compensates for this effect.

The resultant complex resistivity image, obtained after 11 iterations of the
inversion algorithm, is shown in Figure 4.4a. It can be seen that the essential features
of the contaminant plume model are recovered reasonably well. Of course, due to the
smoothness constraint within the inversion, the contours of the plumes are blurred to
some extent, but nevertheless their general geometrical shape is clearly recognizable.
Also, nearly the true parameter contrast has been reached in both phase and even
magnitude, although the latter distribution is characterized by relatively sharp changes
between conductive and resistive areas. The loss of the lowest small ‘nose’ of the
dense, sinking plume at about z = —5 m must be attributed to the well-known decrease
of resolution of crosshole ERT surveys with depth and towards the center of the image
plane (e.g., Ramirez et al., 1993; LaBrecque et al., 1996a). This aspect is addressed in
some more detail within the scope of the second synthetic model example in
Section 4.2.
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Figure 4.2: Iterative evolution of data misfit W4 (thick solid black line), optimum
regularization parameter A (dashed line), and first-order model roughness ¥, (gray line)
during the inversion leading to the result shown in Figure 4.4a. The obelisks indicate the
sequence of regularization parameter trial values A, at each inverse iteration step, and the

horizontal line marks the data misfit target value W4 = N =404, corresponding with
g™ =1,
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Figure 4.3: Convergence behavior of the complex conjugate gradient algorithm to solve for
the model update at each inverse iteration step, showing the normalized squared norm of the
CG residual vector €9 against the number of CG iterations k. The three exemplary
convergence curves correspond to the first three inverse iterations of Figure 4.2, as indicated
by the index ¢. Note that the CG iterations are being stopped when €{° reaches the value
107,

A final remark on the occurrence of slight grid artifacts, as for instance between
x~-2m and x ~-0.5m at the top of the phase image in Figure 4.4a, may be added.
As pointed out by Zhang et al. (1996), grid artifacts may be related to the type of
smoothing imposed by the stabilizing model objective function. With respect to the
suppression of such effects they state that a higher-order smoothing might be superior
to the first-order smoothing adopted in this thesis.

INVERSION WITH NOISY DATA

To simulate somewhat more realistic conditions encountered in the field, zero-mean
Gaussian noise was added to the magnitudes and, independently, to the phase values
of the synthetic transfer impedances. The standard deviations were set to 5 % and
5 mrad for magnitude and phase, respectively. Note that the latter value corresponds to
12.5 % of the overall phase contrast present in the target model.

For the inversion, the correct noise levels were assigned to the complex data errors
€;. All other adjustments, however, were left as in the previous paragraph. The
inversion result, obtained after only four inverse iterations, is displayed in Figure 4.4b.
The images compare remarkably well with those of Figure 4.4a (note that the same
color scales were used), reflecting the robustness of the inversion procedure in the
presence of data noise.
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The reconstructed images in the case of noise-contaminated data may represent a
realistic result gained by complex resistivity inversion for a dual plume contamination
field problem. Compared to the conventional DC resistivity approach the advantage of
the complex resistivity method for such problems is obvious. The inverted image of
resistivity magnitude alone does not, as stated earlier, give a precise picture of the
connectivity of the two contaminant bodies, however, when used in conjunction with
the phase image there is clear delineation of both plumes.

FINAL PHASE IMPROVEMENT

As outlined in Section 3.3.6, the presence of large errors in the data magnitudes may
not only give rise to poor inversion results in terms of resistivity magnitude, but may
also badly affect the recovered phase images. To illustrate this situation, the inversion
from the previous paragraph was repeated with the synthetic input data contaminated
by 20 % Gaussian noise in magnitude and, as before, 5 mrad Gaussian noise in phase.
Again, the data were fit to the correct noise level, i.e., uniform complex data errors ¢€;
with Re(g;) =0.2 and Im(g;) = 0.005 (rad) were assumed within the inversion. Notice
the enormous dominance of the magnitude misfit in the complex data misfit function
(3.43), being sought to be minimized by the inversion procedure.

Due to the high noise level the complex inversion algorithm already converged
after only two iterations. Figure 4.4c shows the resultant distributions of resistivity
magnitude and phase. Compared with Figure 4.4b, the magnitude image clearly
exhibits loss of resolution, as must have been expected. Whereas the conductive plume
is still recognizable, the existence of the resistive plume is no longer evident.
However, although the same amount of noise was added to the underlying phase data
as in the previous example, the phase distribution of the target model is now
comparatively poorly resolved with respect to both connectivity of the polarizable
anomaly as well as phase value contrast.

The respective results obtained by subsequently carrying out additional phase
inversion iterations, i.e., continuing fitting the phase data to their misfit target value
while keeping the distribution of resistivity magnitude unchanged (see Section 3.3.6),
are shown in Figure 4.4d. In both cases, 5 % and 20 % data magnitude noise, two
more iterations were required to meet the (new) stopping criterion. However, whereas
for 5% magnitude noise there is no major difference between the phase images
obtained with and without the final phase inversion steps (cf. Figure 4.4b), Figure 4.4d
reveals significant improvement in resolution if the data magnitudes are contaminated
by 20 % noise (cf. Figure 4.4c).

As already explained before, the reason for the decreased phase resolution of the
complex inversion procedure that may occur in the presence of noisy magnitude data,
is the different influence of magnitude and phase misfit on the overall data misfit as
measured by the complex L,-norm. It must be emphasized though that this problem
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represents an inherent consequence of inverting complex resistivity data by means of a
regularized inversion approach completely based on complex algebra. However, the
example given above clearly demonstrates that, if necessary, loss of resolution in
resistivity phase can be effectively overcome with little extra effort by continuing the
inversion process purely for the phase once the complex algorithm has converged.

Finally, two more remarks may be added.

First, in the above examples the correct noise levels were assumed to be known —
which is not always the case when working with true field data. However, as
demonstrated elsewhere (Morelli and LaBrecque, 1996), even if only poor noise
estimates are available, reasonable inversion results are obtained by activating the
iterative error adjustment procedure (see Section 3.3.5).

Second, a rough idea of the computational requirements of the complex resistivity
inversion algorithm may be given. In general, of course, these are strongly dependent
on the numbers of electrodes, measurements, and model parameters. However, the
inversion leading to the result shown in Figure 4.4b took approximately 44 minutes on
a Pentium® II, 400 MHz processor and required about 12 MB of memory. Altogether
four inverse iteration steps were performed involving a total number of 31 forward
model calculations.

Within the following model examples, the principles applied to generate the
synthetic dipole-dipole data sets as well as to create the modeling and inversion grids
are the same as in this section and thus not explicitly addressed again. Moreover, for
all inversions again a homogeneous starting model was used (geometric mean of the
apparent complex resistivities) and the correct noise levels were specified by means of
uniform complex data errors.

—

Figure 4.4: Recovered distribution of complex resistivity by inverting the synthetic data
computed from the contaminant plume model of Figure 4.1. a) Resistivity magnitude (left)
and phase (right) for noise-free data. b) Resistivity magnitude (left) and phase (right) for data
magnitudes and phase values contaminated by, respectively, 5 % and 5 mrad Gaussian noise.
Same color scales as in a). ¢) Resistivity magnitude (left) and phase (right) for data
magnitudes and phase values contaminated by, respectively, 20 % and 5 mrad Gaussian noise.
d) Resistivity phase after carrying out additional, pure phase inversion iterations for the cases
of 5%, 5 mrad data noise (left) and 20 %, 5 mrad data noise (right), corresponding to,
respectively, b) and ¢).
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4.2 HORIZONTAL LAYER MODEL

The basic problem faced in ground-water prospecting or hydrogeological site
characterization in general is the identification, delineation, and discrimination of
aquifers and aquitards. In the case of clastic, loose sediments this typically means to
determine depth, thickness, and lateral extent of lower permeable clay or silt layers in
contrast to higher permeable sands or gravels, because the corresponding stratification
is predominantly responsible for the hydrogeological conditions (e.g., ground-water
table, direction of ground-water flow, etc.). Since the membrane polarization effect in
porous rocks is strongly related to pore space and grain size characteristics and, thus,
also to hydraulic rock properties (see Section 2.6.2), the measurement of IP in the
complex resistivity method represents an important complement to conventional DC
resistivity surveys in the above regard. Therefore, a synthetic model was derived to
illustrate the possibilities and limitations of the developed complex resistivity
inversion algorithm in a representative, layered situation.

The model consists of two conductive, polarizable layers — representing more or
less clayey/sandy silts — embedded in a comparatively resistive and lower-polarizable
background — representing clay-free sands, perhaps not fully saturated (see
Figure 4.5). To simulate some natural variations in sedimentation, the background
itself consists of two units, a top layer (sand in a loose packing) and the actual half-
space below (sand with a higher grade of compaction and thus lower porosity).
Moreover, both resistive as well as both conductive units are assumed to differ slightly
in their respective complex resistivity values. Note also that in contrast to the upper
conductive layer, which is continuous, the lower one has a lens feature since extending
only half way across the model plane.

As in the previous section, the electrodes defining the tomographic survey plane
are located at the surface as well as inside two boreholes. However, in order to
examine the dependence of image resolution on borehole separation, here three
different crosshole geometries with z/x - aspect ratios of 2:1, 3:2, and 1:1 were set up,
resulting in 31, 33, and 37 electrodes, respectively (see Figure 4.5). For each crosshole
geometry a synthetic dipole-dipole data set was modeled using a finite-element mesh
with 64x56 =3584 elements. The procedure applied for the generation of the
different measurement configurations is described in Section 4.1. For the present
example, however, only those measurements were considered as input to the inversion
with transfer resistances greater than 10~ Q (reasonable signal strength) and absolute
phase shifts less than the arbitrarily chosen value of 35 mrad. Note that the latter value
approximately corresponds to the maximum (absolute) intrinsic phase shift that can be
typically expected for loose sediments as represented by the present model (e.g.,
Vanhala, 1997; see Figure 2.6). The resultant data sets for the three electrode
arrangements consist of 296, 343, and 479 measurements, respectively. For the
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inversion, the magnitude and phase values of these data sets were contaminated by,
respectively, 5 % and 3 mrad Gaussian noise.
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Figure 4.5: Definition of the horizontal layer model. The solid circles indicate the position of
electrodes for three different crosshole image planes with z/x -aspect ratios of 2:1, 3:2, and
1:1. For each plane, only the electrodes in the two respective boreholes and the corresponding
surface electrodes between them are being considered.

In the inversion, a regular parameterization with 32x28 =896 model cells was
used, i.e., two model cells per electrode separation. Note that, hence, the parameteriza-
tion grid does not coincide with the true layer boundaries (cf. Figure 4.5).
Consequently, the model discontinuities cannot be exactly represented in the
inversion. Further, with respect to their vertical extension the conductive layers
correspond to no more than two complete model cell rows, suggesting that the
underlying finite-element discretization is rather poor with regard to the given
parameter contrast in terms of resistivity magnitude. Since it was observed that these
circumstances cause the magnitudes of some data points to be inaccurately modeled in
the inversion (a fact obviously not taken into account by the assumed uniform data
weighting terms), all the following inversions were carried out using both robust error
estimation (see Section 3.3.5) as well as final phase improvement (see Section 3.3.6).
Note that this approach is particularly attractive from a practical viewpoint, because it
avoids the troublesome beforehand discarding of individual measurement
configurations that may give rise to numerical problems in the inversion.
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INVERSION FOR ASPECT RATIO 2:1

For the first crosshole surveying geometry with aspect ratio 2:1, the inversion was
performed twice using two different types of model smoothing. In addition to the
isotropic smoothing given by a, = a. =1, an anisotropic smoothing with emphasis in
the horizontal direction was applied because of the layered character of the target
model. For this purpose, the smoothing parameters were set to o, =1 and a. =0.1
(see Oldenburg and Li, 1994). The corresponding inversion results in the region
between the two involved boreholes are shown in Figure 4.6a.

The images of resistivity magnitude clearly reflect the upper conductive layer. In
consideration of the fact that the parameterization does not coincide with the actual
layer boundaries, the unit is reasonably well recovered in terms of depth, thickness,
and parameter contrast. The lower conductive layer, however, is comparatively poorly
resolved. This is due to several reasons. First, it takes up less volume in the subsurface
than the continuous upper layer and, thus, has relatively less impact on the data set.
Second, it is twice as resistive as the conductive layer above, resulting in a somewhat
weaker contrast with the background. Besides these factors involving model geometry
and parameter contrast, however, the most influencing factor is due to a characteristic
of the method itself in that resolution decreases with increasing distances from
electrodes — an aspect which is addressed again at the end of this section.

When comparing the inverted distributions of resistivity magnitude for the
different choices of the smoothing parameters o, and o, it is obvious that the
anisotropic smoothing, imposing an increased penalty against variation in the
horizontal direction, yields an image much closer to the target model. In particular, the
typical, well-known distortion effects occurring in crosshole ERT images of layered
earth models (e.g., Daily and Ramirez, 1995; LaBrecque et al., 1996a; Yi et al., 1997)
are suppressed to some extent. Using anisotropic smoothing, the upper conductive
layer actually appears as a continuous, uniform feature rather than as a convex lens.

The resultant images of resistivity phase basically exhibit the same characteristics
as the magnitude images. Therefore, most of the above discussion applies here
analogously. However, the improvement by applying greater smoothing in the
horizontal direction is even more significant for the phase. For isotropic smoothing,
the signature of the upper polarizable layer becomes extremely blurred towards the
center of the image plane while the left end of the lower polarizable layer even appears
erroneously bent upwards. With the anisotropic smoothing, on the other hand, both
units are reasonably reconstructed. Note again that the comparatively feeble
appearance of the lower polarizable layer must be attributed, in part, to the weaker
underlying phase contrast.

It shall be emphasized that the discrepancies between the two inversion results
express the fundamental problem of nonuniqueness inherent in resistivity surveys.
However, in many practical situations certain a-priori information on the principal
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spatial orientation of the subsurface structures is available. This is particularly true for
hydrogeological applications, often dealing with a horizontally stratified earth. As the
inversion example demonstrates, it is then recommendable to bias the inverse solution
accordingly by means of an appropriate choice of a, and a..

INVERSION FOR ASPECT RATIOS 3:2 AND 1:1

According to the results of the previous paragraph, for the two other crosshole aspect
ratios the inversion was directly performed using an anisotropic smoothing with
a-/o, =0.1.

Figure 4.6b shows the recovered distribution of complex resistivity for the
electrode layout with aspect ratio 3:2. For this example, an additional inversion using a
twice as fine parameterization was performed in order to illustrate the general
independence of the virtual character of the inversion result from the underlying model
cell size. The corresponding phase image is included in Figure 4.6b. It compares
reasonably well to the phase distribution obtained for the coarser model grid,
expressing the insensitivity of the inversion procedure with respect to parameteriza-
tion. Basically, the inverted images of resistivity magnitude and phase reveal the
principal characteristics of the target model. Like for the smaller borehole separation
with aspect ratio 2:1, the upper conductive, polarizable layer is clearly delineated.
However, the lower layer does no more appear to extend half way across the image
plane but only one-third, indicating the decreased resolution in the center between the
wells (cf. Figure 4.6a).

Finally, the inversion result for the borehole separation as large as the borehole
depth (aspect ratio 1:1) is displayed in Figure 4.6c. The continuous upper layer is still
sharply resolved in resistivity magnitude, although with some loss in conductive
contrast, but already exhibits a somewhat swelled and blurred character in the phase
image. However, whereas there is still some indication for the presence of the lower
conductive lens in the magnitude image, the phase only shows a general slight increase
in polarizability in the whole lower part of the image plane — a fact which must be
attributed to an insufficient resolving power in this region. It is thus obvious that the
general resolution pattern in the image plane of crosshole complex resistivity surveys
should be carefully taken into account to avoid an erroneous interpretation of the
inversion results.

APPRAISAL OF IMAGE RESOLUTION

As stressed by the last example in the previous paragraph, when interpreting crosshole
resistivity inversion results one must be aware of the variation in resolution throughout
the image plane. Numerous factors such as electrode layout, data acquisition scheme,
data accuracy, subsurface resistivity distribution, inversion approach (including
parameterization and model constraints), etc. are responsible for the ultimate
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resolution achieved in crosshole ERT surveys. Some basic characteristics, however,
may be estimated by means of a simple sensitivity analysis or, more correctly from a
mathematical point of view, by the explicit computation of the parameter resolution
matrix as used in classic inversion theory” (see, e.g., Meju, 1994).

Whereas the latter approach is readily applicable to resistivity inverse problems in
1D and 2D situations with only a few model parameters (Inman, 1975; Tripp et al.,
1984), it has been impractical for finely parameterized inversion schemes for a long
time due to computational expense. In view of today’s computer resources, however,
recently Alumbaugh and Newman (1998) investigated the use of the parameter
resolution matrix for image appraisal in 2D and 3D nonlinear tomographic inversion.
Their work is based on an earlier approach of Ramirez et al. (1995), who suggested the
evaluation of solely the diagonal elements of the matrix. In particular, Alumbaugh and
Newman (1998) demonstrate how to calculate an estimation of the parameter
resolution matrix when conjugate gradient techniques are employed to solve the
inverse problem and, thus, the generalized inverse matrix is not explicitly available.

However, in the following an indirect approach for the appraisal of image
resolution, based on a simple sensitivity analysis, is used as a computationally
inexpensive and hence practical alternative. Rather than directly calculating how the
model parameters are resolved by the data, one can examine how the data set is
actually influenced by the respective complex resistivities of the model cells, or in
other words, how specific areas of the imaging region are ‘covered’ by the data.
Obviously a poorly covered region is unlikely to be well resolved and, thus, coverage
may give some crude indication for resolution. It must be emphasized, however, that
good coverage does not necessarily imply high resolution, but rather represents a
favoring factor. Analogous to seismic tomography, where ray coverage is given by the
sum of the respective ray segments in each model cell, coverage in ERT surveys may
be defined as the sum of the absolute sensitivities over all measurements (e.g., Kemna,
1995). However, due to the close connection with the inverse problem’s Hessian
matrix, here the sum of the squared absolute sensitivities is used as the measure of data
coverage. Weighting each contribution according to the corresponding data error, one
thus has for the coverage of the j-th model cell:

? By assuming that the complex resistivity inverse problem is approximately linear in the vicinity of
the solution, the corresponding parameter resolution matrix R may be calculated analogous to linear
inverse problems according to (e.g., Meju, 1994)

R=(A"WI WA+ AW W, | AT W WA

Note that R shows how the model parameters are resolved by the data. In practice, however, it
should be used carefully since, using the cautionary words of Meju (1994), “a perfect resolution does
not imply in every respect an accurate or reliable model”.
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Note that for an unconstrained inverse problem (corresponding to A=0),
(A"W/W,;A)" represents the parameter covariance matrix describing the
uncertainties of the estimated parameters (e.g., Meju, 1994). Thus, in some way a
contrary behavior of the variance of the j-th parameter and the coverage of the
corresponding model cell is plausible.

Figure 4.7 shows the coverage of the crosshole image plane by the ERT measure-
ments for the three different borehole separations with aspect ratios 2:1, 3:2, and 1:1,
respectively. The displayed distributions were calculated on the basis of the final
inversion results of Figure 4.6. The general geometrical pattern of coverage reveals the
well-known decrease towards the center and the bottom of the image plane, indicating
loss of resolution in the inverse solution. Note that the slight increase of coverage in
the vicinity of the two conductive layers reflects the current channeling therein
according to the principles of current flow. Recalling the afore-mentioned deficiencies
of the inversion in recovering the true target model, Figure 4.7 suggests that ERT
surveys should — as a rough guideline — be designed in such a manner that the
coverage according to eq. (4.1), normalized by the maximum value, exceeds 10~ in the
area of major interest. For the present example, this would imply use of an electrode
setup with a z/x - aspect ratio no smaller than 3:2.

In any case, the analysis of coverage on the basis of the measurements’ sensitivi-
ties represents a useful approach for a first assessment of image quality in (complex)
resistivity tomography.

—
Figure 4.6: Recovered distribution of complex resistivity by inverting the synthetic data
computed from the horizontal layer model of Figure 4.5. Prior to inversion 5 % and 3 mrad
Gaussian noise was added to, respectively, the data magnitudes and phase values. Note that
only the region between the two involved boreholes is shown. a) Resistivity magnitude (left)
and phase (right) for the image plane with aspect ratio 2:1 using isotropic smoothing
(a:/ox =1) and an anisotropic smoothing with emphasis in the horizontal direction
(a:/ox =0.1). b) Resistivity magnitude (left) and phase (middle) for the image plane with
aspect ratio 3:2 using anisotropic smoothing with emphasis in the horizontal direction
(a:/ox =0.1). In addition, the resultant phase image for a finer parameterization is shown
(right), where the same grid is used as for the computation of the synthetic data set. The color
scales are the same as in a). ¢) Resistivity magnitude (left) and phase (right) for the image
plane with aspect ratio 1:1 using anisotropic smoothing with emphasis in the horizontal
direction (a.. /o, = 0.1). The color scales are the same as in a).



88 Chapter 4

o,fo=1 o./a=0.1 a./a=1 o./a=0.1

Ip| (2m) ¢ (mrad)




Synthetic Model Examples 89

B E
N N
X (m)
c)
Figure 4.6 (Continued).
0
2
4
E
N

normalized matrix diagonal element (AHWdH W, A)}

Figure 4.7: Coverage of the crosshole image plane by the tomographic measurements for the
three different survey geometries, corresponding to the inversion results of Figure 4.6 for
o-/a, = 0.1. Note that all images are normalized by the same maximum value and, thus, are
quantitatively comparable.
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4.3 MINERALIZATION Z.ONE MODEL

Because of the pronounced polarization effects occurring in mineralized rocks at the
interfaces between electronic conducting mineral grains and the pore fluid, the IP
method is probably most effectively applied for mineral exploration. The general
intensity of the IP response and, in particular, spectral IP characteristics have been
proved to help in assessing various mining-related aspects of considerable economical
interest. As already discussed in Section 2.4.2, the spectral IP response of mineralized
rocks is adequately described by the Cole-Cole model

1
—po{1-m|1- : 4.2
p(®)=p { m{ 1+(im)cﬂ (4.2)

with the four parameters DC resistivity po, chargeability m, time constant t, and
frequency exponent c¢. Note that for the purpose of this section, eq. (2.13) has been
rewritten using eq. (2.24). Roughly speaking, m, t, and ¢ are related to the amount of
mineralization, the dominant mineral grain size, and the type (or degree) of
mineralization, respectively, and thus can be used to discriminate a mineral deposit
according to its structure (see Section 2.6.1).

Whereas throughout the previous synthetic model examples only a single fre-
quency was considered, in this section a frequency-dependent model is defined
representing a realistic geological situation that might be encountered in mineral
exploration. Based on the assumption of multifrequency measurements, the objective
here is to investigate the suitability of complex resistivity tomography to recover
intrinsic spectral IP characteristics described in terms of the Cole-Cole model in
eq. (4.2). Besides the characterization of mineral deposits with respect to mineral
concentration, type, and grain size, however, such a procedure may also yield useful
hydrogeological information by, for instance, discriminating between mineralized and
fluid-filled fractures.

The derived synthetic model is associated with a narrow, dipping fracture or shear
zone bearing a significant amount of net-textured or even veined sulfide mineraliza-
tion. It occurs within a lower-polarizable host bedrock exhibiting only minor amounts
of disseminated mineralization (see Figure 4.8). In contrast to the surrounding host
rock, the highly-mineralized fracture zone may constitute an exploitable deposit. The
entire rock formation is covered by a conductive sedimentary overburden, in addition
giving rise to some non-metallic polarizability characterized by relatively low intensity
and little frequency dispersion. For each of the three structural areas intrinsic Cole-
Cole parameters were adopted which represent typical values for the associated rock
types (see Table 4.1). The dipping zone of higher mineralization grade is described by
a strong IP amplitude, a moderate frequency dependence, and a large time constant, in
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contrast to the host rock with lower chargeability, a somewhat more pronounced
dispersive character, and a small time constant as typical for finely disseminated
mineralization. Furthermore, it is assumed that the bulk resistivity of the host rock is
reduced in the fracture zone on the account of electronic conduction phenomena. The
spectral behavior corresponding to the assumed Cole-Cole parameter sets is illustrated
in Figure 4.9.
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Figure 4.8: Definition of the mineralization zone model. The Cole-Cole parameters of the
three different structural areas, characterizing the intrinsic spectral complex resistivity
behavior, are listed in Table 4.1. For illustration, the respective phase spectra are plotted in
Figure 4.9 in the considered frequency range. The solid circles again indicate the position of
electrodes.

The model grids used for the computation of the synthetic data sets and the
inversion, respectively, as well as the employed electrode setup and the tomographic
measurement scheme are identical to those of Section 4.1. However, for the present
example altogether seven different measurement frequencies covering the range from
1/64 Hz to 64 Hz are considered. The frequencies were chosen to be equally spaced on
logarithmic scale, i.e., two adjacent values constantly differ by a factor of four. For
each frequency a separate data set was modeled on the basis of the corresponding
complex resistivity distribution (note again that in the modeling algorithm
electromagnetic effects are neglected). The measurement configurations were subject
to the same rejection criteria as in Section 4.1, extended by the demand of a minimum
transfer resistance of 10 Q. The resultant data sets, each of which comprising about
370 impedance measurements, were again contaminated by Gaussian noise to simulate
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field data errors. In order to account for the presence of larger errors at higher
frequencies, associated with the rise of electromagnetic coupling effects occurring in
real field situations, the standard deviations of the noise in magnitude and phase were
setto 5 % and 5 mrad for f <4Hz, 7 % and 7 mrad for f =16 Hz, and finally, 10 %
and 10 mrad for f =64 Hz, respectively. For analogous reasons as in Section 4.2, the
inversions referred to in the following were performed with both robust error
estimation and final phase improvement.

Po (©2m) m T(S) c
?Jfrﬁiﬁlc polarizability) 100 025 10” 0.1
?(;)iztscr:l)lsililated mineralization) 1000 0.1 10" 0.4
{;ictfltléztlzl?:g/ veined mineralization) >00 0.4 10' 0.3

Table 4.1: Intrinsic Cole-Cole parameters being used to calculate the complex resistivity
values of the mineralization zone model of Figure 4.8. Note that the parameters were chosen
to reasonably correspond with the associated geological sources of IP.
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Figure 4.9: Phase spectra corresponding to the Cole-Cole parameters of Table 4.1. The
curves exhibit the spectral IP characteristics of the mineralization zone model of Figure 4.8.
Note that the displayed frequency range is assumed to be covered by the complex resistivity
measurements.
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SINGLE-FREQUENCY INVERSION

The noise-contaminated multifrequency data sets were inverted by successive
application of the developed single-frequency complex resistivity inversion algorithm.
Note that the procedure, at this stage, does not require the specification of the
underlying relaxation model. In fact, the evaluation at a certain frequency is
completely independent of the measurements at other frequencies.

-100 -100

1000 -40 -20 0
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Figure 4.10: Recovered distribution of complex resistivity by inverting the synthetic data at
f =0.25Hz computed from the mineralization zone model of Figure 4.8. Prior to inversion
5% and 5 mrad Gaussian noise was added to, respectively, the data magnitudes and phase
values. The three marked model cells in the left image indicate the spatial origin of the
exemplary phase spectra of Figure 4.11.

As an example of the inversion results, Figure 4.10 shows the recovered distribu-
tion of complex resistivity at f = 0.25 Hz. Already the image of resistivity magnitude
alone does provide essential information about the general geological situation. The
conductive overburden is clearly discriminated from the resistive bedrock, and also
some indication for the existence of a dipping lower-resistive zone is given. Although
the presence of noise has led to minor local disturbances in the image (in particular in
the vicinity of the electrodes), the mean absolute values in the different structural areas
compare reasonably well to those of the target model. Even though some uncertainty is
left in the magnitude image with respect to the fracture zone, the image of resistivity
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phase provides ultimate evidence. The region of high polarizability is remarkably well
resolved, in particular in view of the fact that the assumed noise level of 5 mrad
corresponds to more than 10 % of the overall phase contrast in the target model at the
considered frequency (cf. Figure 4.9).

In conjunction, the images of resistivity magnitude and phase reveal the basic
characteristics of the underlying mineralization zone model. This holds for both the
geometrical form and arrangement of the structural features as well as the
corresponding conduction and polarization properties in general. However, the
information obtained by the single-frequency measurements is not sufficient for a
further, more subtle characterization of the indicated mineralization.

COLE-COLE ANALYSIS

Given complex resistivity inversion results at a range of measurement frequencies it is
possible to examine spectral variations in the recovered model parameters. If an
appropriate relaxation model is adopted, even intrinsic spectral IP parameters may be
deduced, as being demonstrated in the following for the present model example.

For each of the parameter cells a Cole-Cole model was fitted to the complex
resistivity values provided by the multifrequency inversions. Since the Cole-Cole
model response depends nonlinearly upon the Cole-Cole parameters t and c, the
model fitting was accomplished by means of a nonlinear least-squares inversion
procedure, using simple Marquardt-regularization (see Pelton et al., 1984). For details
of the implementation as being used herein it is referred to Appendix G. For
illustration, Figure 4.11 shows the phase response of the fitted Cole-Cole models for
three exemplary model cells corresponding to overburden, host rock, and fracture
zone, respectively. It is seen that the essential characteristics of the original phase
spectra in Figure 4.9 are reasonably recovered, in particular to a degree allowing clear
discrimination of the curves. Note also that although the validity of the Cole-Cole
model was tacitly presupposed, its appropriateness is likewise suggested from the
inverted phase values alone — at least as far as the host rock and the fracture zone are
concerned.

In order to gain insight into the uncertainty and correlation of the estimated Cole-
Cole parameters, each of the Cole-Cole fits was performed along with the computation
of the resultant parameter covariance matrix (see Appendix G). In general, the DC
resistivity po and, with some restriction, the time constant t represent the most
independent parameters in the inversion (strictly speaking this holds for Inpy and Int
actually being used in the inversion), whereas the chargeability m and the frequency
exponent ¢ were found to be most strongly correlated (see Table 4.2). The poorest
inversion results were obtained for model cells from the overburden. This, however,
might virtually have been expected from the flat phase spectrum in this region, giving
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only few indication for a maximum (the decisive feature in the Cole-Cole model), and
the therefore often indefinite trend in the underlying phase values (see Figure 4.11).
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Figure 4.11: Intrinsic phase spectra for three exemplary model cells (see Figure 4.10) as
recovered from the multifrequency data by means of tomographic complex resistivity
inversion. Note that the selected model cells correspond to the different structural areas of the
target model (see Figure 4.9). The solid curves show the phase response of the Cole-Cole
models fitted to the respective inversion results.

pixel 2 Inp, m Int c pixel 3 Inp, m Int c
Inp, 1 Inp, 1
m 0.33 1 m 0.07 1
Int 0.32 0.86 1 Int 0.01 -0.50 1
c -0.30 -0.95 -0.82 1 c -0.06 -0.88 0.48 1

Table 4.2: Correlation coefficients of the fitted Cole-Cole parameters for two of the
exemplary phase spectra in Figure 4.11, corresponding to fracture zone (pixel 2) and host
rock (pixel 3), respectively.

As a whole, the Cole-Cole analyses of the individual model cells provide continu-
ous images of the intrinsic parameters po, m, T, and c¢. Due to some degree of
uncertainty in the fitted parameters along with the circumstance that each model cell
was analyzed separately (i.e., without any coupling to adjacent cells), the resultant
images turned out to be relatively rough though. However, a smooth image appearance
may be readily achieved by the subsequent application of appropriate spatial filtering.
For this purpose, the so-called o -trimmed mean filter by Gersztenkorn and Scales
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(1988) was adopted, which represents a merger of mean and median filtering balanced
via a scalar a €[0, 0.5]. Note that, in contrast to mean filtering (o =0), by median
filtering (o = 0.5) individual outliers are removed from the image without destroying
sharp structural features or loosing parameter contrast. Here, the o -trimmed mean
filter was applied with o = 0.3, using a filter window of 3x3 model cells. The filtered
Cole-Cole parameter images are shown in Figure 4.12.

The distribution of po in Figure 4.12a distinctly delineates the given geological
setup. Compared to the resistivity magnitude result of Figure 4.10, a clear
improvement of image quality can be stated. This is, of course, due to two reasons.
First, spatial filtering has now been applied, and second, Figure 4.12a in some way
represents a merger of the individual noise-contaminated magnitude images at the
different frequencies, consequently exhibiting a better signal-to-noise ratio (note that
at each frequency a different ensemble of random numbers was used to represent the
statistical errors). However, in addition to the geometrical delineation, Figure 4.12
now provides the possibility to characterize the type of mineralization in more detail. It
thus yields essential new information as against the single-frequency results. From the
characteristic time constant in Figure 4.12c, the dipping fracture zone is clearly
discriminated. The corresponding values generally exceed 10%°s, in contrast to
average values around 107 s for the host rock and less than 10"®s for the
overburden. In practice, from the approximate relation (2.34), one would thus estimate
the mean grain size of the associated electronic conducting particles in the host rock
and the fracture zone at about 0.3 mm and >3 mm, respectively. Additional textural
information on the mineralization might be obtained from the distribution of the
frequency exponent. In conjunction with the images of resistivity phase and the time
constant, providing basic structural identification, the image of ¢ in Figure 4.12d
suggests a broader frequency dispersion in the fracture zone (¢ = 0.3) than in the host
rock (¢ > 0.35). In a real situation, this would indicate a higher degree of mineraliza-
tion in the fracture zone, involving polarization phenomena at more various spatial
scales. In addition, Figure 4.12d exhibits the negligible frequency dispersion in the
overburden (¢ < 0.15), typical for sedimentary rocks. Finally, it shall be noted that
also the chargeability image in Figure 4.12b reveals the dipping polarizable structure.
For the present example, however, the image only contains redundant (but
nevertheless confirming) information on the subsurface structure — although in
practice, chargeability might be best suited for a quantitative appraisal of mineral
concentration.

—>

Figure 4.12: a-d) Distribution of the intrinsic Cole-Cole parameters p,, m, T, and ¢ as
obtained by means of a pixel-wise Cole-Cole analysis of the multifrequency complex
resistivity inversion results (cf. Table 4.1). Note that since each model cell was analyzed
separately, appropriate filtering was applied to the images in order to suppress individual
outliers. In the blanked areas, the nonlinear inversion procedure associated with the Cole-Cole
model fitting did not converge to an acceptable degree.
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In all, the recovered Cole-Cole parameter images demonstrate the general
feasibility of determining spectral IP parameters from given complex resistivity
tomography results at multiple measurement frequencies. Besides the geometrical
delineation of polarizable structures, the procedure may thus pave the way for source
discrimination and characterization in a tomographic sense. Undoubtedly, this opens
new perspectives in the geoelectrical exploration of, for instance, mineral deposits.

4.4 SUMMARY

In the preceding sections, the complex resistivity inversion algorithm developed in
Chapter 3 was extensively investigated by means of synthetic model examples. The
models were deliberately chosen to represent typical subsurface situations in the
different fields of principal application of the method.

With the first model example of a dual contaminant plume, described by comple-
mentary conductive and polarizable properties, the general behavior of the inversion
algorithm in the case of both noise-free and noise-contaminated data was examined.
Different levels of noise were separately, but simultaneously, imposed on the data
magnitudes and phase values in order to in particular gain insight into the magnitude-
phase interaction during the inversion process and the resultant impact on the
recovered images. In this context, the carrying-out of additional inverse iterations
purely for the phase, a technique herein referred to as final phase improvement, was
shown to be effective to overcome qualitative deficiencies in the phase image incident
to extremely noisy magnitude data. Overall, the inversion algorithm proved capable of
adequately recovering the assumed target model. As the inversion results indicate,
complex resistivity tomography may not only be successfully applied to detect and
map subsurface contamination, but also to differentiate organic and inorganic
contaminant components according to their distinctive electrical signature.

Next, a horizontally stratified model was assumed as to investigate the potential of
the inversion procedure in a typical near-surface sedimentary environment. The model
may represent an alternated bedding of sands and silts, the arrangement of which often
being of interest in hydrogeological studies. Using conventional isotropic smoothing,
the recovered images of resistivity magnitude and phase were found to exhibit some
geometrical distortion of the true layered conditions. The corresponding artifacts are
well-known for crosshole ERT algorithms imposing L, - smoothness on the model and
point out the fundamental problem of nonuniqueness inherent in the method. By
means of appropriate anisotropic smoothing, however, the inversion may be biased
towards the expected model characteristics. With the choice of a vertical smoothing
one order of magnitude smaller than in the horizontal direction (a./a, =0.1), a
reasonable conformity with the target model could be achieved without substantially
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wiping out the lateral image variations. In order to furthermore examine the influence
of the borehole separation on the resolving power of the inversion, altogether three
different survey geometries with z/x -aspect ratios of 2:1, 3:2, and 1:1 were simulated.
The concept of sensitivity-based coverage was introduced as a simple means to
quantitatively assess image resolution, with the ultimate goal of recognizing poorly
resolved areas in the imaging plane. From the discrepancies between the target model
and the respective inversion results for the different crosshole geometries, a minimum
normalized coverage of 10~ was inferred to be desirable to avoid misinterpretation.
Accordingly, a minimum aspect ratio of 3:2 proved to be necessary to reasonably
resolve the essential features of the horizontal layer model. However, being aware of
these inherent limitations of the method, the results clearly demonstrate the general
suitability of complex resistivity tomography also for hydrogeological site
characterization.

The third model being used for numerical investigation was designed to represent
a situation frequently faced in mineral exploration. A fracture or shear zone within a
host rock was supposed to bear a significant amount of mineralization, causing a
distinct IP signature. In contrast to the other synthetic model examples, the
mineralization zone model was supplied with spectral properties by adopting
appropriate Cole-Cole parameters for the different structural areas. However, even
with single-frequency data alone, the general geological situation could be inferred
from the complementary information provided by the images of resistivity magnitude
and phase. On the basis of the inversion results at multiple measurement frequencies,
moreover an attempt was made to recover the intrinsic Cole-Cole parameters by fitting
a Cole-Cole model to the inverted complex resistivity values for each model cell. The
resultant images reveal the assumed Cole-Cole parameters to a considerable extent.
However, some areas are only poorly resolved due to a weak frequency dispersion
and, thus, uncertainty and often strong correlation of the Cole-Cole parameters (in
particular of chargeability and frequency exponent). Nevertheless, the evaluation of
the intrinsic spectral parameters, achievable by applying the complex resistivity
inversion algorithm to multifrequency data sets, enabled a further characterization of
the IP source type. This suggests an enormous potential of the inversion method
especially for mineral exploration.






5 FIELD APPLICATIONS

As indicated by the synthetic model studies in the previous chapter, complex
resistivity tomography is supposed to provide valuable information for subsurface
investigation in various situations. However, like any geophysical technique, the
method must ultimately prove its suitability in real field applications, where the
conditions are generally incomparably harder than in controlled lab-scale experiments
or even numerical simulations. Only if the practical value of the method can be
convincingly demonstrated, it may actually become a geophysical tool routinely
employed by scientists and engineers working in the different fields of possible
application.

Whereas so far, as already outlined previously, only few publications exist which
are concerned with the theory of combined tomographic resistivity and IP inversion,
the situation with respect to corresponding field applications is even worse — in
particular with regard to complex resistivity, i.e., spectral IP surveys. One of the key
objectives of this thesis was the application of the developed inversion procedure to
real field data in order to assess the possibilities and limitations of complex resistivity
tomography in practice. The results of these applications, together with all relevant
background information, are summarized in the present chapter.

To study the method in different situations, field data from two surveys for
different purposes are considered. The first example describes a complex resistivity
survey conducted for environmental site characterization at a hydrocarbon-
contaminated former fuel depot (Section 5.1). The second example, on the other hand,
is from an IP tomography test survey for mineral exploration (Section 5.2). In addition
to the actual objective of investigation, the presented surveys differ in the underlying
geological environment, the target depth of exploration, as well as in fundamental
survey parameters such as electrode arrangement and tomographic measurement
scheme. Thus, in conjunction, both case histories are hoped to give a fair impression of
what can be gained from complex resistivity tomography in realistic situations.'

" Parts of the results presented in this chapter were already published in Kemna et al. (1999) in
association with this thesis.
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5.1 ENVIRONMENTAL SITE CHARACTERIZATION

The first field survey presented in this chapter was entirely designed and conducted
within the scope of this thesis. The ultimate objective of the survey was to evaluate the
suitability of complex resistivity tomography for the detection and delineation of
subsurface organic contamination in an unconsolidated sedimentary environment.
Both the resultant electrical signature and the subsurface distribution and migration
pattern of contaminants are strongly dependent upon the nature of the given
contaminant as well as the underlying geological situation itself. A general site
characterization, including lithologic and hydrogeological aspects, is therefore
essential for the understanding of contamination problems and, thus, represented an
additional, not less important objective of the conducted survey.

First, in Section 5.1.1 a brief description of the test site along with the associated
contamination problem is given. Section 5.1.2 then contains details on electrode setup
and data acquisition of the conducted complex resistivity survey. Since spectral data
were collected up to relatively high frequencies, prior to inversion an inductive
coupling removal scheme had to be applied, which is outlined in Section 5.1.3. After
that, Section 5.1.4 covers some aspects concerning the employed inversion procedure
before, eventually, the inversion results are presented and extensively discussed in
Section 5.1.5. As an attempt at a more sophisticated interpretation, Sections 5.1.6 and
5.1.7 address, respectively, the Cole-Cole analysis of the spectral inversion results and
the estimation of hydraulic permeability. Finally, a summary is given in Section 5.1.8.

5.1.1 SITE DESCRIPTION

The test site is a kerosene-contaminated former military tank farm near to the
Strasbourg-Entzheim airport in France. Although some parts of the tank farm are still
in use today for storage purposes, principal contamination of the site occurred during
the period of intensive operation as a jet fuel (kerosene) depot in the years from its
installation in 1957 until the early seventies. Besides occasional spillage accidents,
incident to pumping or other transport operations, which may have caused massive
short-term releases of jet fuel, the underground has been continuously contaminated
over a long time due to slow leakage of underground storage tanks and pipelines.

Geologically, the test area is characterized by a sequence of alluvial sediments
associated with the rivers Rhine and Bruche in the east and the north, respectively. The
stratigraphic situation at the site, inferred from recent drillings, is sketched in
Figure 5.1. Below a top loessic layer, about 1.5 m thick, follow sands and gravels in
which, at a depth of approximately 9 m, a nearly 1 m thick clayey silt layer is
embedded just above the water table.
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Figure 5.1: Lithologic stratification at the contaminated test site as determined from cored
drillings. In addition, also the occurrence of hydrocarbon contamination as proved by
chemical sample analyses” and the ground-water table is shown.

The jet fuel contamination was expected to having followed the typical migration
pattern of light non-aqueous phase liquids (LNAPLs)’. Generally, an LNAPL moves
downwards through the unsaturated (vadose) zone under the force of gravity until it
either hits a lower-permeable formation or the ground-water table. From there lateral
spreading takes place in the down-hill direction of the present lithologic barrier or
(hydraulically driven) in the direction of ground-water flow (see Figure 5.2). In the
latter case, due to soluble components, dissolved contaminant plumes may also
develop, capable of polluting the ground water in a large area.

At the Entzheim site this scenario was confirmed by an extensive investigation
programme conducted in the years 1972 to 1977, which included the installation of
multiple monitoring wells (Duprat et al., 1979). Concerning the horizontal spread of
contaminant it was found that an area of approximately 400 000 m? had already been
affected by the pollutant. As expected, the contaminant plume had extended in the
direction of ground-water flow. Whereas most of the contaminated area was
characterized by kerosene at residual saturation, yet 80 000 m” exhibited mobile

? Data provided by the Institut Francais du Pétrole (IFP), Paris, France.

* By definition, /ight non-aqueous phase liquids are less dense than water, in contrast to dense non-
aqueous phase liquids (DNAPLs) which have densities greater than water. An overview on the
distribution and migration characteristics of non-aqueous phase liquids in the subsurface may be
found in Domenico and Schwartz (1998) and Fetter (1999).
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hydrocarbon on the top of the low-permeable clayey silt layer and the water table right
below (see Figure 5.1). Water sample analyses also proved the presence of dissolved
contaminant fractions. Principal constituents thereof revealed to be aromatic
hydrocarbons such as naphthalene and BTX (benzene, toluene, xylene), with
concentrations amounting up to several hundreds mg/I.

Application of complex resistivity tomography was hoped to give more detailed
insight into the subsurface contaminant distribution and migration pattern, in particular
with a view to the influencing role of both silt layer and ground water.
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Figure 5.2: Subsurface distribution of an LNAPL spill. After Fetter (1999).

5.1.2 ELECTRODE SETUP AND DATA ACQUISITION

For the tomographic measurements four, about 13 m deep, boreholes were drilled at
the test site. The separation between two adjacent boreholes was about 8 m, resulting
in a crosshole aspect ratio of roughly 3:2. Herewith a reasonable coverage of the
corresponding image planes was expected (see Section 4.2). The exact locations of the
boreholes were selected on the basis of a previously conducted EM31* survey, with a
view to avoiding any proximity to underground storage tanks, pipelines, or other

4 Electromagnetic induction instrument by Geonics, Ltd., Mississauga, Canada, for ground
conductivity measurements from the surface.
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subsurface objects capable of negatively affecting the electrical measurements. The
boreholes were equipped with 16 equally spaced electrodes’, with an electrode
separation of 0.75 m. In addition to the borehole electrodes, 10 electrodes were placed
at the surface between any respective borehole pair selected for data acquisition. Thus
each tomographic plane was surrounded by altogether 42 electrodes.

Although complex resistivity crosshole data were basically collected for all
combinations of two adjacent boreholes, for the purpose of this thesis only a single
image plane is considered for which broad-band spectral data acquisition and analysis
was performed. The selected plane, however, is supposed to be representative because
of the virtually layered character of the given subsurface environment. The electrode
arrangement for the considered image plane is shown in Figure 5.3. Note that the
lithologic log of Figure 5.1 corresponds to the left borehole thereof.
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Figure 5.3: Setup of borehole and surface electrodes (indicated by the solid circles) at the test
site. Also shown is the parameterization of the tomographic image plane as employed in the
inversion. The underlying finite-element discretization is indicated in the bottom right corner.

In August 1997, spectral complex resistivity data were collected at seven discrete
current injection frequencies, ranging from 2~ Hz to 2" Hz. A modular, PC-controlled

> For details concerning the technical implementation of the electrodes see Gobel (1998).
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ERT data acquisition system by ZERO® was used, consisting of a battery-powered
square-wave transmitter (ZT-30), a 16 bit multichannel receiver (GDP-32), and a
multiplexer (MX-30) for electrode selection. Details on the system can be found in
Daily et al. (1996).

The predefined set of measured electrode configurations comprised all possible
dipole-dipole combinations with a fixed dipole length of two electrode separations (see
Section 4.1). With regard to a reasonable estimation of the individual data errors, each
measurement was repeated by use of its reciprocal configuration, i.e., with switched
current and potential dipoles. This resulted in a total number of approximately 700
(350+350) measurements for the considered image plane.

5.1.3 INDUCTIVE COUPLING REMOVAL

Besides the resistive coupling of grounded electrode pairs exploited in the complex
resistivity method, with increasing measurement frequency ® inductive coupling
between the transmitter and receiver circuits becomes more and more effective.
Inductive coupling, also referred to as electromagnetic (EM) coupling, strongly affects
the shape of the observed impedance spectra and, hence, may lead to an erroneous
interpretation of spectral IP effects if not taken into account.

Since electromagnetic induction is being neglected within the applied tomographic
inversion procedure (see Chapter 3), any EM coupling effects in the measured
multifrequency data needed to be removed prior to inversion. The employed removal
technique is outlined in this section. The technique in particular requires the
description of the IP response by means of a spectral relaxation model, which is thus
addressed first.

MODEL DESCRIPTION OF THE IP RESPONSE

By analyzing the collected data set it was found that, in general, the phase values show
some systematic variation with frequency even at lowest measurement frequencies
(see Figure 5.4). Since here EM coupling effects are supposed to be negligible, this
low-frequency dispersion is attributed to IP.

Obviously the Cole-Cole model represents an appropriate relaxation model which
accounts for the observed phase characteristics in the low-frequency range (see
Section 2.4). It was therefore adopted herein for the description of the IP contribution
Zip(®) to the overall impedance Z(®) =V (®)/I(®). Employing the Cole-Cole model
in the form of eq. (4.2), Zi,(®) is thus written as

Zip () = R (1- 1 (@), (5.1)

6 Zonge Engineering and Research Organization, Inc., Tucson, USA.



Field Applications 107

with

rip (©) = m, {1 - H(;%j| . (5.2)

ioora)

In eq. (5.1), Ry denotes the DC resistance, which might be expressed as an apparent
resistivity po, = G Ry, using the geometric factor G of the given electrode
configuration. Note that likewise the three other Cole-Cole parameters chargeability
m,, time constant t,, and frequency exponent c, merely represent apparent
quantities.

It shall be emphasized that the apparent spectral IP response in complex resistivity
data originated from intrinsic Cole-Cole relaxation characteristics in the ground must
not necessarily obey the Cole-Cole model. Strictly speaking this is only true for
relatively simple geological settings, such as a finite polarizable body in a non-
polarizable host rock (e.g., Luo and Zhang, 1998). However, often the shape of the
observed spectra is very similar to a Cole-Cole model, which then represents a
reasonable (and commonly used) approximation. Comprehensive discussions on the
relationship between intrinsic Cole-Cole spectra and the resultant apparent spectra may
be found in Guptasarma (1984), Liu and Vozoff (1985), Soininen (1985), and more
recently, Luo and Zhang (1998). The latter authors in particular derived quantitative
relations between the respective Cole-Cole parameters, yet only for simple and thus
restrictive earth models.

DECOUPLING APPROACHES

The theory of EM coupling as of interest in complex resistivity surveys (see, e.g.,
Wait, 1959; Sumner, 1976) is in principle based on the well-known formulas for the
mutual impedance between two lengths of wire on the earth (see, e.g., Sunde, 1968).
Model calculations for collinear dipoles over a uniform or layered half-space (Millett,
1967; Dey and Morrison, 1973; Hohmann, 1973) have shown that in many situations
of practical relevance inductive coupling initially, for ® increasing from zero, gives
rise to an increase of the observed phase lag (see Figure 5.4a). By convention, this
normal type of coupling is referred to as positive.

In general, inductive coupling may be expressed as a separate contribution Zem (®)
to the measured impedance, adding to the resistivity/IP term Zi, (o), i.e.,

Z(0)= Zp(©) + Zen(0). (53)

The ultimate objective of EM coupling removal is thus to isolate Zi, (®) from Zm(®).

Simple EM coupling removal schemes are based on a power-series representation
of the phase spectrum, normally using information at three frequencies (three-point
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decoupling), where either a constant or linearly with log frequency varying IP phase is
assumed (Hallof, 1974; Coggon, 1984; Liu, 1984).

A more sophisticated approach was originally introduced by Pelton et al. (1978a)
on the basis of a Cole-Cole model description of the spectral IP response. They
empirically found that in the relevant frequency range, i.e., less than 10 kHz, EM
coupling spectra may be reasonably approximated by the low-frequency portion of
another Cole-Cole dispersion term, that is in the case of positive coupling (e.g., Major
and Silic, 1981)

Zems (®) = =Ry temy (®) (5.4)
with
1
e =m, ||l ——MM—|. 5.5
e () = 1 { 1+(i0)’t+)c+} )

Accordingly, the nature of positive EM coupling effects is characterized by three
additional Cole-Cole parameters m., 1., and c.. Whereas m, may essentially vary
within a similar range as its [P counterpart m,, that is between 0 and 1, typical values
are m, > 0.5 (Hallof and Pelton, 1980). The parameters t. and c,, however, are
found to be significantly different from the corresponding IP parameters t, and c,.
Here, typical IP values of 107° s<1, <10*s and 0.1<c, <0.6 (see Sections 2.4.2
and 2.6.1) stand opposite typical EM coupling values of, respectively,
10°s<1, <107 s and 0.8 <c, <1 (Hallof and Pelton, 1980; Major and Silic, 1981).
This fact manifests the basis for a successful distinction of both IP and EM coupling
Cole-Cole contributions in apparent complex resistivity spectra.

It may be noted that Pelton et al. (1978a) originally proposed a multiplicative
connection of the two Cole-Cole dispersions in Zij,(®) and Zem:(®), rather than the
additive variant according to eq. (5.3). However, since

Zip ((D) + Zem+ (0)) = RO (1 —Fp (0)) ~ Vem+ ((D))

~ Ro (1= (@) (1 = 1 T (@) 60

for 1. <1, (Major and Silic, 1981), both formulations lead to essentially the same
decoupling results provided the dispersions are well separated. As pointed out by
Brown (1985) though, from a theoretical point of view the additive approach is
preferable.

Whereas over a moderately resistive earth normally positive EM coupling effects
are observed, in the presence of good conductors coupling often exhibits an opposite
spectral behavior in that the apparent phase lag decreases with increasing frequency
(Hallof and Pelton, 1980). For a positive (i.e., normal) apparent IP effect, this so-called
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negative EM coupling may in particular give rise to a sign reversal in the measured
phase spectrum (see Figure 5.4b).

In order to account for negative coupling effects, Hallof and Pelton (1980)
suggested to expand the expression for the EM coupling response from eq. (5.4) by an
additional Cole-Cole dispersion term rem- (®) with opposite sign, i.e.,

Zem (©) = = Ry (Femy (©) = 7om_ () (5.7)
with
1
em— =m_|1- - 5.8
Fen- (@) = { 1+(ia)t)c} 8

and m_ >0. Herein, the descriptive parameters m_, t_, and c- in principle vary
within the same ranges as the parameters m., 1., and c., respectively, in eq. (5.5). In
particular t_ and c- are thus likewise different from typical IP values.

If with increasing frequency initially positive and subsequently negative coupling
is present in the phase spectrum (i.e., T- < 1), which is the most frequent type of a
combined effect, often mt- <1 is found for the considered frequency range. Then the
approximation 7.m-(®)~imt- holds for the special case m- =1 and c- =1, and
Zem(®) 1n eq. (5.7), with ¢, =1, yields exactly the coupling formula given by Brown
(1985). His derivation, however, is based on a reasonable, if greatly simplified,
physical model and in that, as Brown (1985) states, may provide some theoretical
legitimation to the use of the merely empirical coupling expression defined by
egs. (5.5), (5.7), and (5.8).

A final remark shall be added, following a critical discussion by Wait and Gruszka
(1986) on this subject. Undoubtedly, the removal of EM coupling effects is essential
for a conscientious interpretation of spectral IP data. However, any approximate
decoupling scheme inevitably bears some inherent limitations from a theoretical point
of view (alas no others are readily available to date). Therefore, either of these
schemes should always be applied with care.

EMPLOYED PROCEDURE

In the present case, positive and negative coupling effects as well as combinations of
both are found in the data, not seldom involving enormous phase changes. The various
effects may be attributed to, first, the large number of different measurement
geometries; using crosshole, in-hole, and hole-to-surface electrode configurations; and
second, the presence of the low-resistive silt layer which is supposed to strongly
affecting the inductive response.

Therefore, the general EM coupling expression of Hallof and Pelton (1980) has
been adopted herein. Accordingly; using egs. (5.1), (5.3), and (5.7); the overall mutual
impedance is described by
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Z(®) = Ro (1= 1 (©) = Femns (@) + Fem (). (5.9)

This model provides a great flexibility and is hence capable of explaining all different
types of coupling effects present in the data, such as phase reversals or combined
positive and negative effects.

The implemented decoupling procedure is based on a Marquardt-type least-
squares inversion to fit the model above to the observed spectral impedance data. In
order to remove EM coupling from the entire tomographic data set, the model fitting
was performed for each individual measurement configuration. Input to the inversion
were the geometric mean values of the respective normal and reciprocal impedances,
each comprising magnitude and phase, given at the different measurement frequencies
oy . The inversion routine then returned estimates of the IP and EM coupling Cole-
Cole parameters, the corresponding correlation matrix (providing insight into
uncertainty and ambiguity in the inverted model), as well as the final data misfit as a
quality measure. A comprehensive description of the inversion procedure and its
implementation is given in Appendix G.

Depending on the individual character of the inductive signature in the phase
spectrum (where effects are most diagnostic), either a single positive or negative
coupling term (m. >0, m_- =0 or m, =0, m_ > 0) or actually a combination of both
(m, >0, m_ >0) was taken into account. For the latter case, however, both amplitude
factor and frequency exponent of the higher-frequency response were held fixed
(m-=1, cc=1or my =1, ¢, =1) in order to reasonably reduce the total number of
unknowns in the inversion.

Once estimates of the two parameter sets describing Zi,(®w) and Z.m (o) were
found, the decoupled data Z;,(w,) were simply computed by subtracting the inductive
contribution from the original data Z(w), i.e.,

Zin(0f)=Z(0;) = Zem (0) . (5.10)

Note that at this stage, the actual model description of the IP effect in terms of the
Cole-Cole model (5.2) is not of primary interest, but only the discrimination of IP and
EM coupling effects. Thus any correlation between inverted Cole-Cole parameters
corresponding to the same type of response, either I[P or EM, does virtually not affect
the final decoupling result (see last paragraph in Appendix G).

—>
Figure 5.4: Exemplary apparent resistivity magnitude (left) and phase (right) spectra as
observed at the test site. Circles and triangles indicate original data using normal and
reciprocal measurement configuration, respectively. The thin solid curve shows the response
of the fitted compound (IP and EM coupling) Cole-Cole model. The thick solid curve shows
the IP response alone. Details on the employed decoupling procedure are given in the text.
a) Positive EM coupling effect. b) Negative EM coupling effect.
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Figure 5.4 shows typical apparent complex resistivity spectra as measured at the
test site along with the obtained decoupling results after applying the above procedure.
It can be seen that inductive coupling begins to dominate the spectral response at
frequencies between 10 Hz and 100 Hz. In general, however, the phase at 64 Hz was
also found to be caused, to a significant degree, by IP and, hence, up to this frequency
decoupling results are considered as acceptable. Above 64 Hz, the phase behavior
must be principally attributed to EM coupling, and consequently, the corresponding IP
phase values are rather poorly resolved. For this reason, only the decoupled data sets at
the lower measurement frequencies up to 64 Hz were actually used for complex
resistivity tomography.

5.1.4 INVERSION PROCEDURE

After electromagnetic coupling effects had been removed from the multifrequency
complex resistivity data, using the technique outlined in the previous section, the
individual single-frequency data sets at 0.125 Hz, 1 Hz, 8 Hz, and 64 Hz subsequently
acted as input to the tomographic inversion procedure.

For the inversion, the considered image plane was parameterized into 1131 model
cells (see Figure 5.3), employing a standard finite-element mesh characterized by two
model cells per electrode separation (see Section 4.1). In particular, the mesh was set
up to account for any deviations of the borehole electrode positions from the desired
regular grid.

To obviate any problems involved with an underestimation of data noise or the
presence of individual data outliers, all inversions were carried out in the robust mode,
1.e., with iterative reweighting of the individual data (see Section 3.3.5). Furthermore,
each inversion was completed by final phase improvement (see Section 3.3.6) to avoid
any loss of resolution in the resultant phase images (see Section 4.1). For all inversions
a homogeneous starting model was used, the value of which given by the geometric
mean of the input apparent complex resistivities.

Initially, individual data errors &; were obtained by rescaling the differences
between original normal and reciprocal data, Ad; =diny —direc, t0 some adequate
noise level €y according to

Ad,;

—_—. 5.11
|Ad|mean G40

€ = €lev

Herein, |Ad|mean 1S the geometric mean of the |Ad;|. For the complex inversions, a
uniform value €.y = 0.05 (equivalent to a 5 % magnitude error) was adjusted for all
frequencies. For final phase improvement, however, €., was set to 2 mrad for
0.125 Hz and 1 Hz, 5 mrad for 8 Hz, and 10 mrad for 64 Hz. This choice was assumed
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to reasonably account for an increase of the phase error level in the decoupled data sets
with increasing frequency, associated with EM coupling removal.

In view of the expected layered character of the subsurface structure (see Sec-
tion 5.1.1), anisotropic model smoothing with emphasis in the horizontal direction was
applied throughout the inversions. According to the synthetic model results of
Section 4.2, a ratio o.. /o, = 0.1 was supposed to be appropriate. In this context it is
also worth noting that for the present case, the geology is indeed adequately
represented by means of a two-dimensional model, as tacitly presumed in the
inversion.

5.1.5 INVERSION RESULTS

Before actually inspecting the multifrequency inversion results with respect to spectral
characteristics, first the general distribution of resistivity magnitude and phase, as
similarly recovered for all considered measurement frequencies, shall be discussed.

SINGLE-FREQUENCY RESULTS

As a representative example, Figure 5.5 shows the recovered distribution of complex
resistivity at the lowest measurement frequency f =0.125Hz.

It is evident that the resistivity magnitude image basically reflects the lithologic
stratification at the test site as known from the cored drillings. The conductive (15-
35 Om) clayey silt layer at a depth of approximately 9 m is clearly delineated, with
both depth and thickness corresponding remarkably well with the recovered drill
cores. The saturated, clayey sand/gravel formation below the silt layer is characterized
by medium resistivities (35-80 QQm). As expected, the unsaturated sand/gravel region
above the silt layer exhibits distinctly higher resistivities (100-1400 Qm). In this
context, also notice the general, slight increase of resistivity magnitude towards the
boreholes, suggesting some loss of resolution of the inversion towards the center of the
image plane (see Section 4.2). Finally, due to the high content of clay minerals, the top
loessic layer again produces a relatively conductive signature (20-70 Qm).

If at all, the hydrocarbon contamination is expected to show resistive characteris-
tics (see Section 2.6.2). Therefore, the nearly 1 m thick, weakly resistive (250-
450 Om) anomaly directly above the silt layer may be associated with the occurrence
of kerosene in this region (cf. Figure 5.1). However, there is no ultimate evidence for
this interpretation from the resistivity magnitude image alone.

A quantitative comparison between the inverted resistivity curve with depth and
the resistivity log obtained from lab measurements on core samples taken from one of
the involved boreholes is shown in Figure 5.6. In principle, the displayed curves
exhibit a very similar behavior, in particular reflecting the same lithologic boundaries.
This fact underlines that, in addition to qualitative imaging, the inversion actually
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provides accurate quantitative information. The slight shift of the lab curve towards
higher resistivities, especially in the saturated zone, can be attributed to some drying
up of the probes during transport and storage prior to electrical analysis. Note that the
smooth character of the inverted resistivity curve is due to the applied regularization in
the inversion.

x (m)
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Figure 5.5: Complex resistivity inversion result at f = 0.125Hz, showing distribution of
resistivity magnitude (left) and phase (right) in the tomographic image plane. Note that only
the region between the boreholes is displayed (cf. Figure 5.3). For comparison, also the
lithologic log from Figure 5.1 is shown, actually corresponding to the left borehole.

The reconstructed image of resistivity phase in Figure 5.5 provides additional
structural information on the subsurface. The lowest phase lags occur within the top
loessic layer (1.5-3.5 mrad). With diminishing clay mineral content and increasing
dominant pore size initially membrane polarization effects are enhanced (see
Section 2.6.2). Accordingly, the (clayey) sand/gravel regions are characterized by
higher phase shifts (typically 4-7 mrad), whereas the clayey silt layer again constitutes
a local, if very weak, anomaly of lower polarizability. Note that the decrease of
absolute phase values towards greater depths (> 11 m) might be an artifact due to an
insufficient image resolution (see Section 4.2).
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Although, all in all, the observed polarization effects are rather small, the phase
image clearly reveals a continuous, roughly 1 m thick layer of increased polarizability
(7.5-10 mrad) just on top of the silt layer (coinciding with the weak resistive anomaly
in the magnitude image). According to the typical LNAPL distribution pattern as well
as the results of the chemical core sample analyses (see Section 5.1.1), this distinct
anomaly is expected to be an effect of the hydrocarbon contamination.’
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Figure 5.6: Resistivity log as determined by complex resistivity tomography (circles) in
comparison to resistivity measurements conducted on recovered core samples® (squares).
Note that the core samples as well as the shown lithologic log, replotted from Figure 5.1,
actually correspond to the left borehole of the crosshole image plane. The displayed inverted
resistivity values represent an exemplary pixel column, 0.5 m apart from the left borehole, of
the tomographic inversion result from Figure 5.5.

To support this interpretation, however, an additional complex resistivity survey
was conducted in an unpolluted area up-gradient of the tank farm, basically exhibiting
the same geology as at the contaminated test site. The corresponding magnitude and
phase inversion results thus served as reference images from a ‘clean’ region. In

’ Note that a possible increase of partial water saturation above the low-permeable silt layer would be
unlikely to explaining the observations: With increasing water content the phase lag typically
decreases (see Section 2.6.2).

¥ Data provided by the Institut Francais du Pétrole (IFP), Paris, France.
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particular, this reference survey proved the absence of the afore-mentioned increased
IP effect directly above the silt layer at the uncontaminated site (see Figure 5.7). This
result also indicates that the phase anomaly is likely to be caused by the contamina-
tion. Note, however, that a different phase behavior is also observed within the silt
layer itself (see Figure 5.7). It therefore appears that the silt horizon is affected by the
contamination as well, albeit to a minor degree.

hydrocarbon at the

region with occurrence of
contaminated site {

Figure 5.7: Vertical distribution of resistivity phase at the contaminated test site (circles) and
an uncontaminated reference site (squares) as determined by complex resistivity tomography.
The displayed curves represent exemplary pixel columns of the respective tomographic
images (cf. Figure 5.5). Note that at the reference site, the exploration depth is less due to a
slightly different electrode setup. The lithologic log, replotted from Figure 5.1, however,
reflects the geology at both sites.

A possible explanation of the increased IP effect in the sand/gravel layer might be
that, even at residual saturation, the contaminant — as a non-aqueous phase liquid — to
some extent obstructs the pore passages. Due to this, the influence of any existing
double layers on ion mobility may be increased, ultimately resulting in stronger
membrane polarization effects (see Section 2.3.2). Similar observations of an
increased IP effect in a sand/gravel environment due to the presence of a subsurface jet
fuel plume are reported by Morgan et al. (1999). Note, however, that the numerous
laboratory measurements on soil and rock samples to date have revealed a wide palette
of different possible effects of hydrocarbons on the conduction and polarization
properties (see Section 2.6.2). These depend on aspects such as contaminant type,
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water content, clay content, and pore space characteristics. Presently, it is therefore
difficult to reliably predict the electrical signature of such contaminants in a given
geological environment.

The presented complex resistivity inversion result, with complementary informa-
tion provided by magnitude and phase, demonstrates the potential of the method for
environmental site characterization — in particular comprising the delineation of
hydrocarbon contamination — even if only a single current injection frequency is
available. For the present case, the lithologic stratification is reflected by the
magnitude image, whereas the phase image gives clear indication regarding the
subsurface distribution of the jet fuel contamination. The latter interpretation is
inferred from results from chemical sample analyses and an in-situ reference survey
over an unpolluted underground. Accordingly, the kerosene has accumulated on top of
the low-permeable clayey silt layer, forming a continuous, about 1 m thick
contaminated layer. Mean contaminant concentrations in this region were determined
to about 1 g/kg. It is not clear, however, how far the contamination has penetrated
through the silt layer itself until finally reaching the ground-water table below — the
ultimate barrier for an LNAPL. Complex clay-organic reactions may have taken place
(e.g., King and Olhoeft, 1989) affecting both chemical and electrical characteristics
and, hence, making contaminant identification difficult.

SPECTRAL RESULTS

As already mentioned earlier, a particular objective of the conducted test survey was to
investigate the general possibility of resolving any characteristic changes of the
subsurface electrical properties with frequency by means of multifrequency complex
resistivity tomography. Accordingly, the inversion was successively applied to the
different decoupled, single-frequency data sets ranging from 0.125 Hz to 64 Hz. The
corresponding inversion results are three-dimensionally visualized in Figure 5.8.

The slices of resistivity magnitude in Figure 5.8 reveal only minor variation with
frequency. They exhibit lateral rather than spectral changes, suggesting that the
principal frequency dependence of resistivity magnitude is, if at all, beyond the
resolution of the method. An exception is observed at the slice at 1.5 m depth, which
shows some systematic increase of resistivity with increasing frequency, especially in
the middle of the image plane. Nevertheless, basically an identical stratification can be
inferred from the 64 Hz as from the 0.125 Hz result.’

’ Note that if only resistivity magnitude would have been of interest (as in conventional ERT), the
survey could have been conducted at a relatively high frequency — avoiding time-consuming and
thus expensive low-frequency measurements — without loosing essential geological information.
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The corresponding slices of resistivity phase, however, are much more diagnostic
with respect to spectral characteristics. A clear dispersive behavior is found for nearly
all depths. Within the top loessic layer the phase lag almost steadily increases with
increasing frequency, indicating that the responsible relaxation phenomena operate at
relatively high frequencies. For depths greater than 10 m, in the saturated sand/gravel
region, just the opposite behavior can be recognized, namely a light decrease of
polarizability towards higher frequencies. The spectral behavior of most of the slices,
however, is characterized by a more or less sharp and significant phase maximum (in
terms of absolute values) occurring within the covered frequency range.
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Figure 5.8: Frequency dependence of resistivity magnitude (left) and phase (right) in the
tomographic image plane as determined by multifrequency complex resistivity inversion. The
slices show the horizontal variation between the boreholes (cf. Figure 5.5) as well as the
interpolated spectral variation from 0.125 Hz to 64 Hz at different depth levels. Note that the
frequency axis is descending, i.e., frequency decreases into the paper plane (labels are in log;
of the frequency in Hz). The underlying color scales are the same as in Figure 5.5.

Obviously, the multifrequency phase inversion results contain additional structural
information not available with a single-frequency approach. For instance, the phase
maxima may be directly related to characteristic relaxation times of the associated
polarization processes (see Section 2.4). Such an interpretation, however, requires the
quantitative analysis of the spectral results on the basis of an appropriate relaxation
model, which is addressed in the following section.
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5.1.6 COLE-COLE ANALYSIS

In order to assess the observed frequency dispersion quantitatively and, moreover,
connect it with specific pore space characteristics, the multifrequency inversion results
were analyzed by means of the Cole-Cole relaxation model. Note that the Cole-Cole
model has already been adopted to describe the spectral behavior of the underlying
data within the context of EM coupling removal (see Section 5.1.3).

The analysis was accomplished by fitting a Cole-Cole model to the inverted
complex resistivity values for each model cell in the tomographic image plane (see
Section 4.3 and Appendix G). By this, tomographic images of the intrinsic Cole-Cole
parameters were obtained, fully describing the dispersive character in the complex
resistivity inversion results. In particular the images of the time constant t and the
frequency exponent ¢ were hoped to provide more insight into structural characteris-
tics and are thus discussed below.

TIME CONSTANT

The Cole-Cole time constant is directly related to the spatial scale at which the
relaxation processes take place in the pore space and, consequently, contains indirect
grain size information (see Section 2.6.2). This fact is clearly reflected in Figure 5.9a,
showing the resultant Tt image for the present survey. Smallest values (< 0.02 s) are
found near the surface, corresponding to the high portion of silt-sized particles
characteristic for loess. Beneath, medium time constants (0.02-0.1 s) characterize the
(unsaturated) sand/gravel formation with clearly larger grains. Note that Figure 5.9a
suggests some variability of the mean grain size in this region.

Strictly speaking, T may only be associated with the electrically effective part of
the pore space. Besides pore space geometry, however, this is strongly dependent on
the actual degree of water saturation. At residual saturation, i.e., in the (upper) vadose
zone, water is adhesively held only within a small film around the grains (the so-called
pendular ring), consequently implying comparatively small relaxation times. For fully
saturated conditions, on the other hand, the entire pores are made available for
relaxation phenomena, suggesting a shift thereof towards larger time constants. These
circumstances are likely to be responsible for the significant increase of T in the
saturated sand/gravel region below the silt layer (> 0.15 s) and, as compared to the top
loessic layer, within the silt layer itself (typically 0.1 s). Note that again low credibility
should be assigned to the decrease of t towards the lower edge of the image (see
Section 5.1.5).

Finally, Figure 5.9a exhibits increased t values in a thin layer directly on top of
the silt layer. Following the interpretation of Section 5.1.5, this anomaly is likely to be
an effect of the contamination, indicating that the contaminant predominantly affects
the wider parts of the pore space.
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FREQUENCY EXPONENT

In contrast to the time constant t, determining the position of the Cole-Cole phase
maximum along the frequency axis, its broadness is described by the frequency
exponent c¢. As already outlined elsewhere (see Section 2.6.2 and Appendix A), for
sedimentary rocks ¢ may be regarded as an indirect measure of grain size sorting. A
broad grain size distribution should normally likewise originate a broad spectral
dispersion, due to relaxation phenomena simultaneously occurring at various spatial
scales. According to Figure 5.9b, the loessic layer exhibits the largest ¢ values (> 0.4),
1.e., the sharpest dispersion, in conformity with the relatively good sorting of loess.
Lowest values of ¢ (<0.2) occur within the unsaturated sand/gravel region, indicating
a rather poor sorting therein.
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Figure 5.9: Distribution of intrinsic Cole-Cole parameters as obtained by means of a pixel-
wise Cole-Cole analysis of the multifrequency complex resistivity inversion results of
Figure 5.8. Note that only the region between the boreholes is shown. a) Time constant <.
b) Frequency exponent c.
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In order to verify the postulated correlation of frequency exponent and grain size
sorting, recovered core samples from the site were subject to granulometric analyses,
the results of which were then compared with the tomographic inversion results of
Figure 5.9b. As an example, Figure 5.10 and Figure 5.11 show, respectively, the
ascertained grain size distribution for a sample from the silt layer and the inverted
phase spectrum for a corresponding model cell of the tomographic image plane. Also
plotted in Figure 5.11 is the fitted Cole-Cole model response, with corresponding
parameters given in Table 5.1.

The spread of the log grain size distribution may be expressed as the deviation
logio(m0/n0), wWhere ro and ry are the grain sizes at which the log grain size
cumulative frequency equals 10 % and 90 %, respectively (see Appendix A). For the
sample of Figure 5.10, the values 2r9 =3 um and 2r = 60 um were found, resulting
in logio(rmo/r0) ~1.3. Based on the approximate relation (A.3), on the other hand,
from the corresponding frequency exponent in Table 5.1, ¢ = 0.33, the spread of log
grain size distribution is estimated to 1/2¢ ~1.5. Thus, the electrically (and in-situ)
determined result is in fair accordance with the true value obtained from granulometric
lab analysis.

Although only of exemplary character, the above consideration suggests the
general possibility of assessing grain size sorting from the recovered frequency
dispersion. For the present survey, however, the frequency band of barely three
decades covered by the spectral measurements is relatively narrow (in view of the
typically broad dispersion of sedimentary rocks), and consequently, the frequency
exponent in Figure 5.9b is rather poorly resolved. This fact is also reflected by the
generally strong correlation between ¢ and chargeability m in the fitted Cole-Cole
models (see Table 5.1). Furthermore, much more research is actually required to
thoroughly derive and prove quantitative relations between granulometric and spectral
IP parameters suitable for practical use. The simple relation employed herein is only of
approximative nature and may have restrictions in certain situations.

Po (Qm) m T(S) c Inp, m Int c
23 0.05 0.10 0.33 Inp, 1
m 0.04 1
Int 0.02 0.38 1
c -0.03 -096 -0.37 1

Table 5.1: Fitted Cole-Cole parameters (left) and correlation coefficients thereof (right) for
the exemplary phase spectrum in Figure 5.11.
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Figure 5.10: Grain-size distribution for a recovered core sample from the clayey silt layer as
determined by granulometric measurements.'’ Note that the dashed lines indicate the grain
sizes which have a cumulative frequency on logarithmic scale of 10% and 90 %,
respectively, serving as a measure of the spread of the distribution.
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Figure 5.11: Exemplary intrinsic phase spectrum, showing multifrequency inversion results
(circles) and fitted Cole-Cole model response (solid curve), for a representative model cell
from a depth corresponding to the granulometric analysis of Figure 5.10.

' Data provided by the Institut Francais du Pétrole (IFP), Paris, France.
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In summary, it must be stated that, in conjunction, the tomographic images of the
Cole-Cole parameters Tt and ¢ permit a clear distinction of the different structural
regions in the subsurface. Moreover, they give valuable information on specific pore
space characteristics, including dominant grain size and grain size distribution as well
as water saturation and contaminant occurrence.

5.1.7 HYDRAULIC PERMEABILITY ESTIMATION

Within Section 2.6.2, methods were outlined for the estimation of one of the key
parameters in hydrogeology, the hydraulic permeability K, by means of complex
resistivity measurements. So far, however, the method has been principally restricted
to laboratory studies on rock or soil samples or simple field surveys such as electrical
soundings (e.g., Borner et al., 1996). Moreover, as far as the field applications are
concerned, the published results unfortunately lack in ultimate conviction of the
approach.

On the basis of the complex resistivity inversion scheme developed in this thesis,
however, it is in principle possible to apply the proposed intrinsic relations in a
tomographic way at the field scale. By this, a continuous image of in-situ permeability,
characterized by a comparatively high spatial resolution, may be non-invasively
gained. Since for the present case history a comprehensive spectral data set is
available, it has been an obvious concern herein to compare the results of such an
approach with the known hydrogeological situation.

Although in principle, plausible relations between K and spectral IP parameters
can be derived on the basis of a Cole-Cole model description [see eq. (2.41)], these are
yet only of qualitative character. For this reason, herein the quantitative relation (2.44),
inferred from the fractal pore space model by Pape et al. (1987), was adopted for
permeability analysis.

According to eq. (2.45), the needed surface area to pore volume ratio, Spor, may be
estimated from the imaginary component of complex conductivity at a reference
frequency. Strictly speaking, however, this approach presumes the validity of the
constant-phase-angle relaxation model (see Section 2.4.3). Consequently, for the
purpose of this section the actual frequency dependence of resistivity phase was
ignored, and only a representative constant value acted as input to the analysis. For
simplicity, this was assumed to be given by the recovered phase at 0.125 Hz (see
Figure 5.5).

Besides Spor, likewise the formation factor F is required as essential input to
eq. (2.44). The calculation thereof, however, can be readily accomplished by means of
eq. (2.42), employing complex bulk conductivity, both pore water conductivity and
saturation, o, and Sy, as well as saturation exponent n and the parameter
[ =Im(cin)/Re(oin). The latter describes the actual separation of interfacial
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conductivity oy Into real and imaginary part (see Section 2.3.2). Although in general
oy may vary considerably, for the present study it was assumed to be constant. A
mean value of oy ~108mS/m, with a standard deviation of 21mS/m, was
determined from measurements in three boreholes. The parameters » and / are
unfortunately not as directly measurable. Therefore, typical values for loose sediments
must be adopted as a reasonable approximation. The values chosen here were n =2
and / = 0.1 (see Section 2.3 and Borner et al., 1996).

Obviously, a significant uncertainty in the formation factor is due to the degree of
water saturation in the different stratigraphic units [see eq. (2.42)]. Hence, a simple but
realistic saturation model S, (z) was derived as to roughly reflect the expected
situation with depth z (see Figure 5.12).

Whereas the saturated zone below the ground-water table is defined by a uniform
value Sy, =1, within the unsaturated vadose zone three different regions are
distinguished. These are the upper pendular zome, actually exhibiting residual
(irreducible) water saturation; the lower capillary zone, with almost Sy, =1 due to the
presence of capillary water; and finally a transition zone between — the so-called
funicular zone, characterized by a steady increase of S, with increasing depth (see,
e.g., Fetter, 1999). Note that the choice S, =1 presumes that water represents the only
phase in the pore space. For the sake of simplicity, any residual air or kerosene
saturation in the capillary or saturated zone is ignored. This is justified, however, since
water must be attributed the decisive role with respect to electrolytic (in-phase)
conduction and, thus, the determination of F'.

The capillary rise in unconsolidated sediments typically varies from more than 1 m
for silts to less than 0.1 m for very coarse sands (see, e.g., Fetter, 1999). Accordingly,
the capillary zone is expected to extend slightly beyond the clayey silt layer into the
upper sand/gravel region. Above, a 1.5m thick funicular zone is assumed,
characterized by a simple linear behavior of Sy (z), until finally a uniform residual
saturation of Sy, = 0.3 is reached in the pendular zone (see Figure 5.12).

On the basis of the afore-mentioned parameters and values, permeability was
estimated for each model cell in the tomographic image plane from the complex
resistivity inversion result at 0.125 Hz (see Figure 5.5). The resultant distribution is
shown in Figure 5.12.

From a comparison with the lithologic log, it is evident that, in principle, the
recovered image reflects the given sedimentary sequence. Both clayey silt layer and
top loessic layer, for instance, are clearly delineated in terms of lower permeability
values. However, in addition to pure qualitative imaging, Figure 5.12 likewise reveals
valuable quantitative information. The absolute values correspond remarkably well
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with typical permeabilities for the different sediment types (see, e.g., Holting, 1996).
For the silt and the loessic layer, K ranges from 1072 d to less than 10" d."" Thus
both layers must be hydrogeologically considered as low permeable. On the other
hand, the sand/gravel sections are principally characterized by K values between
107" d and 10' d, a range which is commonly referred to as permeable. Note in this
context that Figure 5.12 suggests considerable vertical variation within the upper
sand/gravel region.
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Figure 5.12: Distribution of hydraulic permeability as estimated from the complex resistivity
inversion result at /' =0.125Hz (see Figure 5.5). Note that only the region between the
boreholes is displayed. Details on the employed estimation procedure are given in the text.
Besides the corresponding lithologic log from Figure 5.1 (left-hand side), also the assumed
variation of water saturation with depth is shown (right-hand side).

"It is common to measure permeability in darcies (d), where 1d = Ipm?. In hydrogeology, often
also the hydraulic conductivity Ky is used, which is, however, readily obtained from the
corresponding K value using the conversion 1d ~ 10~ m/s (see, e.g., Schon, 1996).
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Obviously, Figure 5.12 provides additional information regarding the hydro-
geological characterization of the site. Attributing credibility to the estimated
permeability values, the clayey silt layer does not represent a long-term hydraulic
barrier — neither for water nor for the hydrocarbon contaminant plume (note that
K <107 d for very-low-permeable sediments; see, e.g., Holting, 1996). This
conclusion, however, is in full accordance with the actual situation at the site, since
dissolved contaminant components have been detected in the ground water below (see
Section 5.1.1).

The present example proves the general feasibility of successful permeability
estimation from complex resistivity data under realistic field conditions. With the
availability of tomographic inversion schemes, such as those developed in this thesis,
theoretical relations between intrinsic hydraulic and electrical characteristics can be
effectively extended to the field scale. This fact, however, again underlines the great
potential of complex resistivity tomography with respect to hydrogeological problems.

5.1.8 SUMMARY

In the preceding sections, a complex resistivity tomography survey conducted at a
kerosene-contaminated jet fuel depot was described, as an example for the application
of the method for environmental purposes. Aspects addressed in this context included
survey design, data pre-processing, employed inversion procedure, discussion and
interpretation of the inversion results, and finally, more advanced analysis techniques
such as extraction of relaxation characteristics and hydraulic permeability estimation.
Besides the investigation of the (hydro)geological situation, the survey was in
particular intended to prove the method’s capability of delineating subtle electrical
contrasts associated with the presence of hydrocarbon contamination under real field
conditions. A critical evaluation hereof was possible due to the availability of
comprehensive information on the subsurface environment from other sources (e.g.,
monitoring wells, cored drillings, soil and water sample analyses).

Although several boreholes were actually equipped with electrodes and used for
tomographic data collection, the presentation herein focussed on a single, yet
representative, image plane. For the considered plane, measurements were taken at a
set of current injection frequencies, ranging from 0.125 Hz to 8192 Hz, with a view to
examining spectral IP characteristics. Due to the occurrence of EM coupling effects
with increasing frequency, however, an indispensable requirement prior to inversion
was the application of an appropriate decoupling scheme. Therefore, an effective and
flexible procedure, based on a Cole-Cole model description of both IP and (low-
frequency) EM response, was adapted and implemented for tomographic use. The
approach proved capable of removing the various types of effects observed in the data,
such as, for instance, combined positive and negative coupling. Up to 64 Hz, the
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decoupled data sets successively acted as input to the tomographic inversion
algorithm, resulting in complex resistivity images over multiple frequencies.

The lithologic stratification at the site was found to be reasonably delineated by
the resistivity magnitude images, showing the alternation of comparatively conductive
layers — representing loess and clayey silts, respectively — and more resistive layers —
representing sands and gravels with variable degrees of cementation, compaction, and
water saturation. Quantitatively, the inverted resistivities agree fairly well with
measurements conducted on corresponding core samples. However, the multifre-
quency magnitude results exhibit no significant spectral dispersion. The images of
resistivity phase, on the other hand, provide additional subsurface information in terms
of both single-frequency and spectral results. In particular, given the chemical sample
analyses, the phase is supposed to reveal a clear signature of the contamination.
Following this interpretation, kerosene has accumulated on top of the low-permeable
silt layer, constituting a continuous layer of increased pollution.

Further valuable insight into specific structural characteristics arose from the
interpretation of the dispersive (phase) behavior. As to demonstrate the benefits of a
quantitative spectral analysis, an appropriate relaxation model — the Cole-Cole model
— was fitted to the individual model cell inversion results. The resultant images of
intrinsic Cole-Cole parameters were interpreted by utilizing assumed relationships
with intrinsic granulometric and hydraulic properties. In view of the correlation with
dominant grain size, for instance, the time constant result reveals a reasonable
lithologic discrimination and, given the log information, even identification of the
sedimentary sequence throughout the tomographic image plane. Moreover, the
recovered image suggests that the contaminant principally affects the larger pores
within the sand/gravel formation. On the other hand, the significance of the frequency
exponent with respect to the quantification of grain size sorting was outlined. An
exemplary comparison with granulometric analysis results proved the practicability of
such an approach in principle. Finally, a recently proposed way of estimating
hydraulic permeability from complex resistivity was tomographically applied, in order
to assess its ultimate value at the field scale. The obtained permeability image agrees
remarkably well with the given subsurface situation, in particular it reveals
characteristic absolute values.

The presented field data example demonstrates that complex resistivity tomogra-
phy may provide valuable information about the structural and hydraulic nature of the
subsurface in a sedimentary environment. The results prove the general feasibility of
assessing both pore space and pore fluid characteristics in a tomographic way and, in
that, underline the practical value of the method with respect to a variety of
environmental problems.
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5.2 MINERAL EXPLORATION

To demonstrate the efficiency of complex resistivity tomography for the purpose of
mineral exploration, for which the IP method has been traditionally applied with
success, in the following sections a typical field data example is presented. As
compared to many environmental problems associated with rather shallow targets,
often less than 10 m deep, mineral applications are generally characterized by
extensive geological structures, normally implying exploration depths greater than
100 m. In addition to the spatial scale, they may differ substantially in the intrinsic
electrical characteristics since typically involving different rock types. In view of these
aspects, the given mineral exploration example is also intended to underline the
universal applicability of the developed inversion procedure.

It is emphasized that the considered field survey was actually conducted by the
Metal Mining Agency of Japan, Tokyo (Katayama et al., 1998), who kindly provided
the raw data for utilization within this thesis.

In the following sections, first a general description of the site is given, addressing
geology and occurring mineralization (Section 5.2.1), followed by some information
on electrode setup and data acquisition of the tomographic survey (Section 5.2.2). The
complex resistivity inversion results are then presented and discussed in Section 5.2.3,
in particular with respect to the anticipated geological model, before concluding with a
brief summary in Section 5.2.4.

5.2.1 SITE DESCRIPTION

The tomographic IP survey considered herein was conducted at the Flying Doctor
Prospect in the south-eastern Broken Hill area in New South Wales, Australia. The
following information on the general geological setting in the area was basically
extracted from the corresponding chapter in Tyne and Webster (1988) and the
comprehensive report by Burton (1994).

The Broken Hill area, approximately 50 km by 70 km in size, hosts one of the
world’s biggest known base-metal deposits. Before discovered in 1883 and, from that
time on, extensively being mined, the main sulfide ore bodies — the so-called Broken
Hill Main Lode — contained an estimated 280 million tons of Pb-Zn-Ag ore in several
overlapping lenses or lodes. Since productiveness of the main Broken Hill mines is
limited, however, in recent times intensive effort has been directed towards the
exploration of new base-metal deposits in the area as well as of extensions to the
known ore bodies. The Flying Doctor Prospect, located only few kilometers along
strike from the major ore bodies, represents such an extension. It is considered to be
most prospective in the region for the development of massive sulfide mineralization



Field Applications 129

and, hence, mining thereof may occur in the future to supplement production from the
Broken Hill Main Lode.

Geologically, the Broken Hill Block, with an age of about 1700 Ma, belongs to the
early to middle Proterozoic. It was subjected to regional prograde metamorphism
around 1600 Ma ago, followed by widespread readjustment in the form of retrograde
schist zones around 520 Ma ago. In addition, multiple major fold generations have
caused massive structural deformation of the block. Within the south-eastern area, the
sulfide deposits occur principally within the so-called Broken Hill Group, which
basically consists of a sequence of metasediments, metasedimentary gneisses, and
metamorphosed volcanic/volcaniclastic rocks. Most recent interpretations presume a
syngenetic origin of the deposits. Herein, the lode horizons are regarded as chemical
sediments deposited in a marine environment from metal-rich brines. However, the
cutting discussion by Stevens (1996) and White et al. (1996) may express the still
controversial debate amongst researches on many (fundamental) aspects regarding the
genesis of the Broken Hill Block.

At the Flying Doctor Prospect, two separate lode horizons are present: the main
lode horizon in about 1000 m depth (interpreted as the direct extension of the Broken
Hill Main Lode) and the upper lode horizon in less than 150 m depth (probably a
structural repetition of the main horizon). Both lode horizons represent variable
packages of lode rock types (commonly quartz gahnite, garnet quartzite, and garnet
sandstone), containing Pb-Zn-Ag sulfide mineralization in form of individual lenses
and shoots. Mineralization comprises predominantly galenite and sphalerite, as well as
minor chalcopyrite, pyrrhotite, and pyrite, and occurs commonly as disseminations, in
massive form as patches, irregular vein-like masses, or reticular networks.

The anticipated geological setting at the Flying Doctor Prospect, showing the
upper lode horizon, is sketched in Figure 5.13. The indicated position of the sulfide
deposit is mainly based on results from an extensive drilling programme, accompanied
by geophysical logging, which has been conducted over the last decades. These
investigations clearly revealed distinct sulfide lenses, virtually representing zones of
high sulfide concentration with an admixture of gangue material. Accordingly, the
sulfide deposit is located near the boundary between a quartzitic gneiss, the actual host
rock (belonging to the Broken Hill Group), and a retrograde schist zone, the so-called
Globe Vauxhall Shear Zone. It is expected to bear 300 000t of subeconomic
mineralization with estimated grades of 7 % Pb, 2.4 % Zn, and 60 g/t Ag.

A final remark may be added on the model representation in Figure 5.13. Since the
underlying investigations actually only yielded selective information along individual
boreholes, form and extent of the deposit as indicated — even if plausible from the
general geological situation — represent no more than an expected model derived by
inter-/extrapolation. In fact, there is no ultimate evidence, for instance, for the
continuation of the sulfide zone up to the surface. Neither an obvious gossanous
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outcrop exists, nor did geophysical surface measurements indicate the presence of
localized high sulfide concentrations in the shallow subsurface (see Tyne and Webster,
1988).
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Figure 5.13: Anticipated geological section at the Flying Doctor Prospect, south-eastern
Broken Hill area, serving as a test site for complex resistivity tomography. The model was
derived from geophysical logging results in the three indicated boreholes (solid curves) under
consideration of the general geological situation in the area. After Tyne and Webster (1988).

5.2.2 ELECTRODE SETUP, DATA ACQUISITION, AND INVERSION
PROCEDURE

In July 1997, the MMAJ'" conducted an IP tomography test survey at the Flying
Doctor Prospect in order to examine the applicability of the technique for mineral
exploration in the upper lode horizon (Katayama et al., 1998). Since previous borehole
measurements had revealed a polarizable nature of the sulfide lenses (Tyne and
Webster, 1988), IP tomography was expected to yield a better geometrical delineation

"2 Metal Mining Agency of Japan, Tokyo, Japan.
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of the deposit as well as to help in recognizing variations in the degree of mineraliza-
tion.

For the tomographic survey, three existing exploration drill holes (DH 3071,
DH 3040, and DH 3039) were utilized for placing electrodes in the subsurface. The
roughly coplanar drill holes (lateral planar deviation <3 %) spread a vertical image
plane approximately perpendicular to the presumed strike direction of the sulfide
deposit. The employed electrode cables were arranged such as to realize a uniform
separation of 10 m between adjacent electrode positions, with electrode depths up to
170 m. An additional line of surface electrodes completed the setup in the survey
plane, totally comprising 67 potential and 26 current electrodes (see Figure 5.14). The
borehole and surface electrodes were made of lead and stainless steel, respectively
(Katayama, 1998, pers. com.).

The employed PC-controlled data acquisition system by MMAJ is based on the
McOHM-21 by OYO". It consists of a battery-powered transmitter, optionally
supplemented by a generator-driven external booster, a 16 bit 10-channel receiver, and
a multiplexer for electrode selection. Automatic data collection is executed according
to a predefined measurement protocol. More details on the system may be found in
Arai (1997). For the present survey, more than 1200 independent pole-dipole
configurations were measured, using a square-wave current with 50 % duty cycle and
a pulse length of 2 s. For each configuration, full transient data were recorded at a
sampling rate of 250 Hz, and signals were stacked over two cycles as a compromise
between improved signal-to-noise ratio and yet efficient acquisition speed (Katayama,
1998, pers. com.).

Whereas the MMAJ intended a more conventional time-domain analysis of the
tomographic data set on the basis of integral chargeability (Katayama et al., 1998),
within the scope of this thesis an attempt was made at a frequency-domain
interpretation in terms of complex resistivity. For this purpose, the recorded current
and voltage time series, /(z) and V(¢), respectively, were individually Fourier-
transformed according to eqgs. (2.31) and (2.32). Subsequently, the corresponding
transfer impedance spectra Z(®)=V(w)/I(®w) were derived and evaluated at the
fundamental frequency of the employed square wave, f, =0.125Hz. Uncertain
signals, however, with a voltage amplitude less than 0.2 mV or an associated
geometric factor greater than 10° m, were disregarded, so that the resultant data set
acting as input to the tomographic inversion procedure eventually comprised about
1000 measurements.

" OYO Corporation, Tokyo, Japan.
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Figure 5.14: Setup of borehole and surface electrodes for the complex resistivity tomography
survey at the Flying Doctor Prospect. Solid and open circles indicate, respectively, position of
potential and current electrodes. Note that the three utilized drill holes are identical with those
of Figure 5.13. Also shown is the parameterization of the tomographic image plane as
employed in the inversion. The underlying finite-element discretization is indicated in the
bottom right corner.

For the inversion, a standard parameterization of the survey plane into about 1800
model cells was used. Some irregularities, however, were incorporated into the
underlying finite-element mesh as to account for the exact electrode positions, in
particular in the boreholes (see Figure 5.14). For analogous reasons as in Section 5.1.4,
the iversion was carried out in the robust mode (iterative data reweighting) and,
furthermore, completed by final phase improvement. In contrast to the previous case
history, however, isotropic model smoothing was employed and uniform data errors of
25 % in magnitude and 5 mrad in phase were initially adjusted. These error levels
were found to let the inversion process readily converge. As the starting model again a
homogeneous distribution was used (geometric mean of the given apparent complex
resistivities).

Note finally that, as mentioned earlier, the tomographic image plane lies perpen-
dicular to the assumed strike direction of the principal subsurface geological structures
(lode horizon, shear zone, etc.; see Figure 5.13). Since strike length of the sulfide
deposit is moreover expected to exceed 250 m (Burton, 1994), a two-dimensional
inversion approach, as applied herein, actually represents a reasonable approximation.
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5.2.3 INVERSION RESULTS

The inverted distributions of resistivity magnitude and phase in the tomographic image
plane are shown in Figure 5.15. Both images reveal several structural characteristics in
the subsurface which in principle correspond with the expected geological situation.

The magnitude image, with resistivities varying over more than two orders of
magnitude, permits a first distinction of different geological formations. The right-
hand side of the image (x>120m) exhibits only minor, smooth variation of
resistivity, with average values around 100-300 Qm. The slight but steady increase
towards greater depths may be attributed to a general increase of compaction incident
to an increasing lithostatic load. The corresponding region coincides roughly with the
position of the Globe Vauxhall Shear Zone as interpolated from the drilling results (cf.
Figure 5.13). There is no evidence, however, for the presence of embedded
amphibolites, which in fact may be due to the absence of a significant electrical
contrast associated therewith.

In the north-western part of the image (x < 80 m ), the near-surface region is found
to be of different character, showing very low resistivities (<30 Qm). Below this
conductive zone, resistivity increases rapidly with depth, almost reaching 1500 Qm
underneath borehole DH 3071 (at x <20 m). This section corresponds to the upper
sillimanite / biotite gneiss (cf. Figure 5.13), characterized by strong weathering in the
first 10-20 m (Tyne and Webster, 1988).

The center part of the image plane reveals a rather inhomogeneous character due
to the presence of several smaller-scale features. Most dominant thereof is the distinct,
highly conductive (=10 Qm) anomaly between boreholes DH 3040 and DH 3039 (at
x ~100m). According to Figure 5.13, this zone belongs to the quartzites / quartzitic
gneiss formation, actually hosting the sulfide lode horizon. The overall dipping
character of the host rock becomes evident when likewise interpreting the bilateral
transition towards lower resistivities underneath drill hole DH 3071 as a change from
sillimanite / biotite gneiss to quartzites / quartzitic gneiss (cf. Figure 5.13).

In conformity with previous electrical logging results (see Tyne and Webster,
1988), the conductive anomaly at x ~100 m is assumed to delineate zones of highest
sulfide concentrations in the lode horizon. The minor magnitude variations therein,
however, might not only reflect varying concentrations but could also indicate changes
in the structural nature of the mineralization, basically ranging from a rather
disseminated to an almost massive type (see Section 5.2.1). Note finally that although
sulfides have been actually intersected in the lower borehole DH 3071, a correspond-
ing conductive signature is missing at all in the recovered magnitude image.
Principally, however, the inverted magnitude values are remarkably consistent with
previous electrical logging results (see Tyne and Webster, 1988).
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Figure 5.15: Complex resistivity inversion result, showing distribution of resistivity

magnitude (top) and phase (bottom). Solid and open circles indicate, respectively, position of
potential and current electrodes. Note that the tomographic image plane corresponds to the

anticipated geological section of Figure 5.13.
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Figure 5.16: Stratigraphy'* in drill hole DH 3039 (left) in comparison to determined IP
amplitude with borehole depth (right). The curves of chargeability (circles) and resistivity
phase (squares) represent, respectively, the IP log'* as obtained by electrical borehole
measurements and the corresponding IP variation as extracted from the complex resistivity
inversion result of Figure 5.15. Note that quantitatively, the two IP parameters may only be
compared with reservation since, apart from their inherent distinctness, chargeability is
strongly dependent upon the employed definition (e.g., concerning timing parameters; see
Section 2.5.2).

Compared to the image of resistivity magnitude, the inverted phase distribution
reveals somewhat different structural characteristics and, thus, provides complemen-
tary information. Most of the image shows a relatively uniform, moderate background
IP response in the range of 10-20 mrad (absolute values), perhaps with a slight
increase within the quartzites / quartzitic gneiss formation (cf. Figure 5.13). An

'* Adapted from Tyne and Webster (1988).
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exception represents the low-polarizable (< 10 mrad) zone of weathered sillimanite /
biotite gneiss in the north-western part of the image (x <130 m). Undoubtedly most
conspicuous, however, is the continuous, steeply dipping zone of increased
polarizability (> 25 mrad) extending from the upper drill hole DH 3039 (at x * 100 m )
to the lower drill hole DH 3071 (at x = 80 m) half way across the image plane. The
position of this distinct anomaly coincides well with the principal sulfide intersections
found along the three boreholes (cf. Figure 5.13), as illustrated by Figure 5.16 for the
upper well DH 3039.

Since previous IP logging has clearly revealed a polarizable nature of the sulfides
(see Figure 5.16), the zone of high IP response is supposed to delineate the occurrence
of sulfide mineralization in the lode horizon. Accordingly, the sulfide deposit reaches
about 100 m in plunge length and is almost confined by the boreholes DH 3071 and
DH 3040. Due to limited resolution, however, the tomographic procedure is incapable
of actually discriminating several discrete sulfide lenses, either of each again being
composed of thin massive sulfide bands and interfingering gangue material, as verified
by the drillings (Tyne and Webster, 1988).

Traditionally, the metal factor MF is often used in mineral exploration to assess
the amount of mineralization. However, as outlined earlier (see Section 2.5.2), it may
be directly related to the imaginary component of complex conductivity Im(c) — a
quantity independent of the electrolytic (in-phase) conduction in the pore spaces and
thus most diagnostic for the degree of electrode polarization at the mineral-solution
interfaces. For the present case, the resultant Im(c) distribution is shown in
Figure 5.17. The image delineates the zones of highest sulfide concentrations in the
lode horizon clearer than resistivity magnitude (cf. Figure 5.15). The conductive
anomaly associated with strong weathering near the surface, which is due to in-phase
conduction mechanisms, now almost disappears.

In conjunction, the complex resistivity inversion result provides a clear delineation
of the sulfide deposit and, in addition, reveals specific structural variation thereof.
Whereas the phase image reflects the overall extent of principal mineralization in
terms of high polarizability, the magnitude image indicates conductive zones of
highest (and thus economically most promising) sulfide concentrations. In unison,
both images show a homogeneous signature of the Globe Vauxhall Shear Zone and a
10-25 m thick weathering layer at the top of the gneissic rock formation in the north-
west.

Contrary to the anticipated geological situation (see Figure 5.13), from Figure 5.15
the sulfide lenses do apparently not continue up to the surface but seem to vanish just
above the upper drill hole DH 3039. In fact, this result may explain why several
geophysical surface methods (e.g., resistivity, IP, self potential), previously applied
over the deposit, have actually failed in proving a near-surface sulfide body (see Tyne
and Webster, 1988). The disappearance of the distinct electrical response may be, in
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part, also due to oxidation and other weathering processes within the mineralized zone,
increasingly gaining in importance towards the surface. Note that the abrupt
disappearance of the polarizable feature is unlikely to be due to an insufficient image
resolution. This may become evident from Figure 5.18, showing the coverage of the
image plane by the tomographic measurements, earlier introduced as a simple means
for appraising image resolution (see Section 4.2). In the relevant regions, the
normalized values lie clearly above 107, which was earlier found to be the order of a
critical threshold (see Section 4.2).

In view of the above results, the presented field example in particular exposes the
fundamental problem of deriving a continuous geological model from borehole
information alone, which may readily lead to essential misinterpretations (e.g., by
erroneously extrapolating). With tomographic geophysical techniques, like the one
developed in this thesis, such problems may be effectively overcome and, thus, these
methods may contribute significantly to a reliable geological model. For the present
case, by application of complex resistivity tomography a detailed image of the
subsurface sulfide deposit could be achieved.
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Figure 5.17: Distribution of the imaginary component of complex conductivity as obtained
from the complex resistivity inversion result of Figure 5.15. Solid and open circles indicate,
respectively, position of potential and current electrodes.
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Figure 5.18: Normalized coverage of the image plane by the tomographic measurements
according to eq.(4.1), corresponding to the complex resistivity inversion result of
Figure 5.15.

5.2.4 SUMMARY

In the preceding sections, a field application of complex resistivity tomography over a
sulfide deposit was presented in order to demonstrate the usefulness of the method for
mineral exploration in realistic situations. The field data are from a test survey
conducted at the Flying Doctor Prospect in the south-eastern Broken-Hill area,
Australia. Detailed a-priori information on the geological setting at the site, available
from previous exploration drillings and geophysical logging results, enabled a critical
assessment of the method’s efficiency with respect to the delineation and characteriza-
tion of the sulfide mineralization zone.

For the tomographic survey, electrodes in three existing boreholes and at the
surface were used, spreading an image plane perpendicular to the presumed strike
direction of the deposit. Since full transient current and voltage signals were originally
recorded, the data set could be converted into the frequency domain, enabling the
subsequent application of the developed inversion procedure at the fundamental
frequency of the employed square wave.
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The inverted images of resistivity magnitude and phase reveal valuable subsurface
information which, in principle, correlates well with the anticipated geological model.
For instance, a weathering zone is clearly imaged, and even the alternation of different
gneissic rock formations can be recognized partly. Most important, however, is the
information on the sulfide deposit itself. Whereas the magnitude image indicates only
zones of highest sulfide concentrations, i.e., of primary economical interest, the phase
image delineates the principal occurrence of sulfide mineralization. Both the character
of the electrical signature and the position of the deposit in the tomographic image
plane is in absolute agreement with previous electrical logging results. Rather
unexpected, on the other hand, is the relatively sharp disappearance of the
characteristic IP response in the dip direction. In particular, this result suggests an
abrupt ending or, at least, significant chemical alteration (e.g., due to oxidation) of the
mineralization long before reaching the surface — in opposition to the originally
assumed geological situation.

In summary, the presented field study demonstrates that complex resistivity
tomography is capable of providing valuable information on location, extent, and
structural characteristics of subsurface mineral deposits. The method is applicable in
practical situations and, in particular, may substantially complement traditional
exploration techniques, such as drillings and geophysical logging, with regard to the
derivation of a detailed and reliable geological model. This potential suggests a bright
perspective for the method in the general field of mineral exploration.






6 SUMMARY AND CONCLUSIONS

A new procedure for complex resistivity tomography has been developed and
extensively investigated through a number of applications.

The thesis was motivated by two circumstances becoming evident in the early to
mid nineties: first, the major advance of electrical resistivity tomography (ERT) as a
powerful, high-resolution imaging technique — in particular for hydrogeological and
environmental purposes; and second, proven by numerous laboratory studies, the
enormous extent of structural information (e.g., grain size and pore fluid characteris-
tics) generally contained in spectral complex resistivity data. Attempts to account for
complex resistivity within modern imaging techniques such as ERT, however, have
been rare. Consequently, so far there have been only few possibilities to utilize the lab-
proven relationships effectively at the field scale. This again has significantly
weakened their ultimate practical value. In order to overcome this deficiency, the main
objective of this thesis was the development of an efficient (2D) tomographic
inversion algorithm universally applicable to complex resistivity data sets.

As the basis of the new procedure, an appropriate forward modeling needed to be
developed. To meet the requirements of a flexible approach (e.g., in terms of arbitrary
geometries), the finite-element (FE) technique was adapted for this purpose. Unlike
existing FE modeling codes for the conventional DC (i.e., real-valued) resistivity
problem, in this thesis complex linear FE equations were derived from an extension of
the underlying variational principle to a complex form. With the additional
implementation of asymptotic boundary conditions and singularity removal, an
accurate routine resulted for the computation of the complex resistivity response for
arbitrary coplanar tomographic electrode configurations (permitting both surface and
borehole electrodes). Analogous to the conventional DC case, the utilization of the
reciprocity principle led to an efficient way of calculating the corresponding complex
sensitivities with respect to the individual elements, which are required in a gradient-
type inversion approach.

Due to the general ill-posedness of the tomographic complex resistivity inverse
problem, a spatially regularized inversion approach was chosen in which the inversion
process is controlled by means of a model smoothness constraint. This technique is
well-established in inverse problems and, in particular, has been widely demonstrated
to yield satisfactory results in conventional ERT. To account for the mathematical
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nature of the considered problem, however, in this thesis the approach was extended to
a new, complex form. As an inherent consequence of the approach, the inversion
yields tomographic images of both resistivity magnitude and phase simultaneously. In
the underlying optimization problem, data misfit and model roughness, each of which
being measured in terms of the complex L,-norm, are jointly minimized to find the
‘smoothest’ model which fits the data to an acceptable degree. Because of the non-
linearity of the forward problem, the model search is performed iteratively, by means
of a combination of the standard Gauss-Newton technique and the conjugate-gradient
method. The balance between data misfit and model roughness is controlled by a
regularization parameter, the optimum value of which is determined at each inverse
iteration step. With a view to practical applications, a robust iterative data reweighting
scheme was adopted. By this, stable inversion results are produced even in the
presence of individual data outliers or in the case of uncertainty regarding the actual
data noise level. For extremely noisy magnitude data, the phase image quality may be
improved by running subsequent inverse iterations solely for the phase once the
complex algorithm has converged.

Due to its flexibility and robustness, the developed algorithm is applicable to
arbitrary tomographic electrode arrangements and measurement schemes. Besides
typical crosshole geometries, likewise complex resistivity data from pure surface
arrays may be interpreted (see Binley et al., 1998). Moreover, although this thesis was
restricted to two-dimensional applications, the approach may be analogously extended
to three dimensions, as recently done by Shi et al. (1998) and Yang et al. (2000). Of
course, several aspects related to the inversion approach in general or its implementa-
tion in detail are open to procedural alternatives or extensions. Routh et al. (1998), for
instance, proposed an inversion scheme which directly solves for spectral Cole-Cole
parameters. In this thesis, the inversion is formulated in (more general) terms of
complex resistivity, and no presumption is made on the underlying relaxation model.
Insight into spectral characteristics may be obtained by a multifrequency application of
the procedure. Presently, however, each measurement frequency is considered
individually, i.e., any information from other available frequencies is disregarded
within the inversion process. Since electrical properties may be expected to vary only
smoothly with frequency, a full spectral complex resistivity approach, controlled by
some additional regularization in the frequency dimension, appears to be a promising
future development. A final remark may be added on the complex formulation of the
inversion as proposed herein. In principle, a joint inversion of resistivity magnitude
and some appropriate [P quantity (such as resistivity phase) is also possible by means
of a decoupled, real-valued algorithm. However, apart from the inherent compactness
of the complex approach (which one may agree to bear some mathematical elegance),
it was, in fact, recently shown to be superior to more conventional approaches in terms
of IP image resolution (Ramirez et al., 1999).
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To investigate the capabilities of the new inversion procedure in a theoretical
manner, different synthetic models were derived in this thesis that reflect potential
practical applications.

The first such model represents a subsurface pollution scenario involving a dual
contaminant plume which is characterized by complementary conductive and
polarizable properties. Herewith, the general behavior of the complex inversion
algorithm was examined, in particular in the presence of data noise. The second model
simulates a layered sequence of sands and silts, as typical for a near-surface
sedimentary environment. This model was particularly used to demonstrate the
appropriateness of anisotropic model smoothing to bias the inverse solution towards,
for instance, horizontal model characteristics. Moreover, different crosshole electrode
arrangements were examined with regard to the general influence of borehole
separation on the quality of the inversion result. In this context, the concept of
sensitivity-based coverage was pointed out as a simple means to quantitatively
appraise image resolution in the tomographic survey plane. Unlike the first two
synthetic studies, the third model was supplied with full spectral complex resistivity
properties. It represents a dipping mineralization zone — a situation often encountered
in mineral exploration applications. In view of the associated rock types, the Cole-
Cole relaxation model was adopted to describe the frequency dependence within the
different structural units. Assuming measurements over a range of input frequencies,
the feasibility was investigated to reconstruct the respective spectra by means of
successive single-frequency applications of the tomographic inversion scheme.

From the synthetic model results, the new tomographic inversion algorithm proved
capable, in principle, of recovering given distributions of resistivity magnitude and
phase reasonably well — both qualitatively and quantitatively. In conjunction, the
presented model examples suggest the general applicability of the method for various
practical purposes. These may range from contaminant plume delineation, over
hydrogeological site characterization, to the more classic field of mineral exploration.
Whereas single-frequency applications provide valuable, complementary information
in terms of resistivity magnitude and phase, a multifrequency approach even enables
access to additional, spectral characteristics.

In order to verify the supposed potential of complex resistivity tomography also in
practical situations, the thesis was likewise concerned with two different field
applications.

In the first case study, spectral complex resistivity tomography was applied at a
military jet fuel depot, former activities at which have resulted in kerosene
contamination of the subsurface. The survey was entirely designed and conducted
within the scope of this thesis with a view to several objectives. First, the method’s
usefulness for environmental applications at the field scale should be proved in
principle — in particular regarding the mapping of subsurface hydrocarbon
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contamination. Based on laboratory results at the core scale, the latter application has
been widely suggested in the past but so far, also due to the lack of appropriate
imaging techniques, had not been convincingly demonstrated in a realistic, crosshole
field experiment. Second, the general possibility of resolving spectral IP characteristics
by means of complex resistivity tomography should be examined and, furthermore, the
suitability of a recently proposed scheme for hydraulic permeability estimation should
be tested within a tomographic approach. Again, the last two issues had not been
addressed previously in a complex resistivity field survey. A critical evaluation of the
method’s efficiency in the above regards was possible due to the availability of
comprehensive subsurface information from other sources. Explicitly, the analysis
steps and the respective results were as follows:

The reconstructed images of resistivity magnitude and phase were found to
provide complementary information on the subsurface environment. Whereas the
magnitude image principally reflects the given sedimentary sequence, the phase image
gives clear indication for the presence of kerosene contamination and, by this, permits
valuable insight into the contaminant distribution and migration pattern. The
successive application of the inversion algorithm to the acquired multifrequency data
yielded tomographic images of complex resistivity over a range of frequencies. Prior
to the spectral analysis, however, inductive coupling was removed from the data by
means of an effective decoupling procedure (which was adapted for tomographic
purposes within the scope of this thesis). In order to properly assess the recovered
spectral characteristics, a Cole-Cole relaxation model was fitted to the individual
model cell inversion results. Thus, the approach ultimately resulted in tomographic
images of the intrinsic Cole-Cole parameters. The Cole-Cole time constant and
frequency exponent proved to reveal additional structural information regarding
dominant grain size and grain size sorting, respectively. In this context, a simple,
approximate relation between the Cole-Cole frequency exponent and grain size sorting
was proposed. Finally, the tomographic estimation of in-situ hydraulic permeability
was also successful. The determined values were found to be in fair agreement with
the associated sediment types.

By the second field data example, the efficiency of the new inversion procedure
for the purpose of mineral exploration was demonstrated. Full transient data from a
tomographic [P survey, conducted over a steeply dipping sulfide deposit, were
transformed into the frequency domain and, afterwards, processed by means of the
developed algorithm. The resultant complex resistivity distribution was compared with
the anticipated geological model inferred from previous exploration drillings and
geophysical logging results. Accordingly, the magnitude image indicates only zones of
highest sulfide concentrations, whereas the phase image sharply delineates the
principal occurrence of sulfide mineralization within the metamorphic host rock. With
the tomographic inversion result, continuous structural information on the deposit is
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available, contributing to a much better understanding of the actual geological
situation.

In summary, the synthetic and field studies presented in this thesis prove an
enormous potential of complex resistivity tomography for practical applications. In the
hydrogeological field, it may provide insight into the structural and hydraulic nature of
sedimentary environments. Here, images of grain size and pore fluid characteristics as
well as an estimate of hydraulic permeability should be achievable. With respect to
environmental pollution problems, the method may play a major role in detecting,
delineating, monitoring, or even identifying subsurface contamination. For instance,
organic and inorganic contaminant components may be differentiated due to their
distinctive electrical signature. In mineral exploration applications, complex resistivity
tomography may yield valuable information on location, extent, or structural
characteristics (e.g., composition) of mineral deposits. The environmental and
economic significance of the above capabilities is obvious.

With respect to the various applications, however, the ultimate value of complex
resistivity tomography strongly depends upon the validity and reliability of the utilized
relations between the observed electrical phenomena and the relevant structural
characteristics. For instance, the close connection of the characteristic (Cole-Cole)
time constant and the spatial scale at which the associated relaxation processes take
place in the pore space was repeatedly outlined in this thesis. Although certainly
providing some sort of grain or pore size information, the electrically effective part of
the pore space may be significantly different from the hydraulically effective part
which, however, may be the focus of interest in practical applications. This example
elucidates that, without doubt, much more fundamental research is still required to
investigate further the underlying electrical and structural properties with the view of
establishing reliable and practical relations between the respective characteristic
quantities. Together with the availability of appropriate tomographic inversion
schemes, such as the one developed in this thesis, it will then become possible in
future to effectively combine the benefits of high-resolution imaging with improved
source characterization capabilities. This obviously opens a bright perspective for the
complex resistivity tomography method in any of the indicated fields of potential
application.
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APPENDICES

A: GRAIN SIZE SORTING AND COLE-COLE EXPONENT

For a clastic sedimentary rock, the spread of the log grain size distribution as used by
Berg (1970) is defined as In(ro/r0). Herein, 7o and o denote the grain sizes which
have a cumulative frequency on logarithmic scale of 10 % and 90 %, respectively. For
a log-normal distribution of grain sizes about the median value 7min, this 80 %
interval is approximately equal to the width at half-maximum, which shall be denoted
by Aln P

Assuming a relation T~ rgzram between the time constant t of a Cole-Cole-type
electrical response and the median grain size (see Section 2.6.2), one may therefore

write

1
In(ryo /710) = A, zaAlnr . (A.1)

In eq. (A.1), An. now represents the width at half-maximum of the relaxation time
distribution corresponding to the underlying Cole-Cole model (see Section 2.4.2).

As illustrated in Figure 2.2b, the width of the relaxation time distribution is
implicitly related to the Cole-Cole exponent ¢. From a numerical analysis for the
relevant range 0.1< ¢ < 0.6, it was found that this relation is reasonably described by
the equation

A =2.3c¢7". (A.2)

Thus, in a first approximation, eqs.(A.1) and (A.2) may be simplified to
In(re0/110) = 1/c or — more convenient for practical purposes —

10&0(’”90/’”10) ~ 1/20 s (A.3)
relating the spread of the grain size distribution, i.e., grain size sorting, with the

resultant electrical frequency dispersion.

Finally it may be noted that eq. (A.3) is in good agreement with grain size
distributions and complex resistivity spectra published by Vanhala (1997) and Vanhala
(1999) for, respectively, different silt and mineralized rock samples. Deviations occur
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in cases where the frequency exponent is only poorly resolved by the spectral phase
behavior. Then, however, the validity of a Cole-Cole model description is questionable
due to negligible spectral dispersion.

B: REARRANGEMENT OF FINITE-ELEMENT FUNCTIONAL

Before the stationarity requirement 8F =0 is applied to the complex FE functional F
in order to deduce the linear FE equations, any terms in the original expression (3.20)
containing second derivatives of the unknown function ¢, need to be reduced to first
derivatives, since the former are not well-defined for a linear elemental approximation
as being used within this thesis.

By partial integration and the application of Gauss’ integral theorem, one finds the
complex identities

[[0.(000.8,) . dvdz = { (800.8, )b n.ds ~ [[(a00.5, )(0.8.)dvdz B

C

and

[[0.-(a00.8, )%, drdz = ] (Ac0.3, ). n.ds — [[(Ac0.3,)(0.0.)dvez . (B2)

C

where n, and n. denote the components of the outward normal in x- and
z -direction, respectively. Note that the left-hand sides of egs. (B.1) and (B.2)
represent contributions to the FE functional (3.20).

Now, since
7.0,y +n.0-9, = 0,0, (B.3)
and moreover, from the equations (3.8), (3.17), and (3.19),
A, ¢, =—ABD, (B.4)
with AP =B —-Bo, adding up both identities (B.1) and (B.2) yields

[[lo.(a00.3, )+ 0.(800.8,)] 6. dxdz

A o NN (e (o (B.5)

:—CJ‘ABd)p O ds — ”AG[(ax(l)p)(ﬁxd)s)—i- (azq)p)(azq,s)]dxdz.
¢ A

Substituting eq. (B.5) into eq. (3.20) and, finally, splitting the integration accord-
ing to the domain discretization, i.e.,
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£I{AZ}...dxdz - Jﬁ{gj}ﬂ...dxdz,
(a3 s

obviously results in the expression for the FE functional given in eq. (3.21).

(B.6)

C: EVALUATION OF INVERSE FOURIER INTEGRAL

The procedure used to evaluate the inverse Fourier integral (3.31) is based on the
approach of LaBrecque et al. (1996a). Since the asymptotic behavior of the
transformed potential ¢(k) for small and large arguments is different, the integral is
split into two parts to which, respectively, adequate numerical integration techniques
are then applied, i.e.,

O]$(k)dk = ﬁ(k)dk + 0]5(k)dk : (C.1)

with some characteristic wavenumber k.

According to eq. (3.10), the (primary) transformed potential is proportional to the
modified Bessel function Ko(u), with u =kr. Here, r denotes the representative
radial distance from the (image) source. The corresponding asymptotic behavior is
given by (Abramowitz and Stegun, 1984)

u—>0 : Kow)~-Inu,

C.2
U—>0 Ko(u)~e_”/\/;. (€2

To overcome the singularity in the integrand at zero, the change of variable
k' = (k/ko)"* is made in the first integral of the right-hand side of eq. (C.1). The
resulting nonsingular integral, with integrand g(k')=2kok'¢(k), is evaluated by
conventional Ng -point Gaussian quadrature (Press et al., 1992), yielding appropriate
abscissa k, with corresponding weights w;,. Summing up both steps, it is

[Gkrdk = [grar' =Y wi gk =my. w, b(k). (C3)

where k, = kok,” and w, = 2kok, w, /.



162

8
w -1 -]
. Il Il 1} 1}
2 £ £ 2
6 T 0T
= £ Z F
4_
2_
o
é -
5
g 01
()
T) .
i
2 4
-4 -
T e o e e
nnn Il
-6 s
e
i II—} ”.q ”.J ”.J
Z Z 2z Z
-8 T T lllllll T T lllllll T T lllllll T T lllllll
0.1 1 10 100 1000

-

Figure C.1: Relative error in the inverse Fourier transform according to eqgs. (C.3) and (C.4)
against the normalized distance 7/r.i» from the current source for a surface electrode over a
homogeneous half-space and k¢ =1/(27min). As indicated, the different curves represent
different choices of the number of abscissa Ng and N, in the Gauss and Laguerre
integration formulas, respectively. Note that a minimum value of N, =4 prevents the
formation of an additional ‘dent’ within the region where errors are relatively small, and that
increasing Ng is basically more effective to broaden the valid range of the integration than
increasing Ny .

From the relations (C.2), it is seen that the behavior of ¢(k) for large arguments is
characterized by an exponential decrease. Therefore, the upper integration in eq. (C.1)
is performed using a Ny -point Laguerre-type formula (Press et al., 1992). Analogous
to eq. (C.3), one finds

[Gydk = [ gkydk' =3 wi g(ki) =Y. w, (k). (C4)
ko 0 n=1 n=1
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with the rescaled abscissa and weights, respectively, k,=ko(k,+1) and
Wy = ko € W), /m. Note that in eq. (C.4), after substitution of k'=k/ko—1, the new
function g(k') = ko " ¢(k) is temporarily defined.

The integration bound 4, has to be specified in relation to the spatial scale of the
considered problem. A characteristic quantity in this regard is given by the minimum
distance between corresponding transmitting and receiving electrodes within the
underlying set of measurement configurations, denoted by 7min. The number of
employed abscissa in the integration formulas determines the valid range of the
integration in terms of the distance from the source. From a numerical analysis for a
homogeneous half-space, it was found that the variable choice

N = int[6102(Fmax /Fmin )] » (C.5)

together with Ni. =4 and ko =1/(2rmin ) , guarantees an error of less than 0.5 % in the
inverse Fourier integration for distances ranging from 7min t0 7max (see Figure C.1).
Herein, 7. denotes the maximum distance between source and receiver electrodes as
being of interest within the survey.

Obviously, combination of both integration parts according to eq. (C.1) results in
the overall expression (3.32).

D: PARAMETERIZATION OF MODEL ROUGHNESS

The model objective function of eq. (3.39) imposes a first-order smoothing on the
complex model m. Since the model is given as a parameterization into M rectangular
cells, the double integral can be replaced by a sum and the squared L,-norm may be
expanded according to

2
Am| |Am|
Y., (m | L Ax; Az D.1
UZ[W‘ ‘AZJ_‘]H (D.1)
With the denotations explained in Figure D.1, eq. (D.1) is rewritten as
M| |m; - ’ m, —mp|
Y. m)=Y | L Axg Az, + |21 Ax; Azp,
; Axg Y D, Y (D.2)
=m" W, W.m+m"W'W._m,

where the real matrices W, and W. are implicitly defined via
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2

m; —m if my . exists

otherwise
(D.3)
W.m), = A [Azyy; (my —mp ;) if mp; exists
z J s
otherwise
for j=1,...,M.
Introducing extra smoothing parameters o, and o finally yields
W (m)=m" (o, W W, + . W'W.)m
(D.4)

=[Wa

with the real model weighting matrix Wy, according to eq. (3.50). Note that W, W,, is
symmetric and positive definite.

B MR j } Az,
"o {

Figure D.1: Parameters as being used to express the first-order roughness of the model m,
according to Oldenburg et al. (1993). Shown is the j-th model cell together with the
neighboring cells mr; and mp; in the right and downwards direction, respectively.

E: DERIVATION OF COMPLEX NORMAL EQUATIONS

A quadratic approximation of the objective function ¥ about the model m, is given
by means of a Taylor series expansion up to second order. Using complex algebra, one
obtains

oY 1. 4 0 0¥,

¥Y(m, +Am,)~ ¥, + —-Am, + —Am
om

—7 Am E.1
2 7 8mH om ED

with the abbreviations ¥, = ¥(m,) and
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. . H
o1 o e 1o o ) g

[note that 8.../6m" = (8.../om)"]. For the model perturbation Am, minimizing the
approximation (E.1), one finds the requirement

b4 v
v __2 q+Am;‘—aHa -0, (E.3)
oAm, Om om~ Om
or equivalently
o 0¥, oY
— Am, = ——7L E.4
om om" ! om" E4)

Now, carrying out the differentiation for ¥, according to eq. (3.51) yields

ov
amz‘ = 2A"W{W, (d-f(m,))+ 24 W, W, m, (E.5)
and, furthermore,
v
aimam‘q{ ~2A Wi Wy Ay + 20 W, W, (E.©6)

where A, = aa—f(mq) and, in eq. (E.6), the second derivatives aH aa—f(mq) are
m m

neglected (i.e., a linearized version of f is used). Finally, substituting the equations

(E.5) and (E.6) into the local minimization requirement (E.4) yields the complex linear

system of equations given in eqgs. (3.52) through (3.54).

It shall be noted that the resulting system of equations may be equivalently
obtained by directly substituting the linearization f(m, + Am,)=f(m,)+ A,Am,
into the objective function and, subsequently, equating its first derivative to zero.

F: VARIATION OF REGULARIZATION PARAMETER

The univariate search for the optimum value of the regularization parameter A at each
inverse iteration step is realized by successively changing a trial value A; according to
eq. (3.57) and observing the resulting data misfit. Depending on whether the data RMS
error £"™5();) is greater or less than one, the trial value is, respectively, decreased or
increased in order to loosen or tighten the regularization by the model objective
function. It appears reasonable to adjust the step width between two consecutive trial
values A; and A, in dependence upon the stage of the overall inversion process. At
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the beginning larger changes make sense, whereas a fine adjustment should take place
towards the end.

Let & and A (0 < A < hy <1) denote, respectively, the initial and the final factor
by which A, shall be decreased at the beginning and at the end of the inversion process
(an increase of A; may be realized by multiplication by the respective inverse value).
In terms of data misfit, describing the progress of the inversion, 4 thus corresponds
with the RMS error of the starting model, £, while 4 corresponds with the target
value "™ =1,

The function A(e"™®) in eq.(3.57) is now defined by linearly interpolating
between the points

h=h(E™), he= Jim h(EM) (F.1)

on double logarithmic scales. Taking the possible sign of IngRMS

either decrease or increase A,), it results

into account (to

h(SRMS) _ hfsgn(lngRMs) (hl/hf )1ngRMs/1ng§Ms ’ (F2)

RMS RMS

where it is assumed that ¢f™ >1, ™5 >0, and Ingf™® >|Ing*™* |,

For the inversions performed within the scope of this thesis, the values /4 =0.5
and 4 =0.9 have been used, normally resulting in less than five trial values A; to
determine the optimum value of A .

G: COLE-COLE MODEL FITTING

In the following the employed procedure for fitting a Cole-Cole model to a given set
of spectral complex resistivity data is outlined. Strictly speaking, the model may be
composed of one or even more Cole-Cole dispersion terms, depending on whether the
procedure is applied to extract intrinsic Cole-Cole parameters from multifrequency
complex resistivity tomography results (see Sections 4.3 and 5.1.6) or to remove EM
coupling from multifrequency field data given in terms of apparent complex resistivity
spectra (see Section 5.1.3). However, mathematically both objectives are similar and,
thus, can be achieved using the same algorithm.

To start with, the Cole-Cole functions of egs. (4.2) and (5.9) are written in the
general form

p(®) = Po [1 - U(m)j ; (G.1)
I=1

with the DC resistivity po and one to three Cole-Cole dispersion terms
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n(e)=m {1 - ;} , (G.2)

1+ (l (Qhwi )CI

each comprising chargeability m;, time constant t;, and Cole-Cole exponent ¢;. For
L =1, eq. (G.1) solely describes the spectral IP effect, whereas for 2 <L <3, one or
two additional Cole-Cole dispersion terms are included to account for EM coupling
effects present in the complex resistivity data (note that for negative EM coupling the
opposite sign has been absorbed into m;).

Due to the nonlinearity in eq. (G.2) with respect to 1; and ¢;, the model fitting is
performed by means of a nonlinear inversion routine. Here, a conventional real-valued
least-squares approach with Marquardt regularization is used. The implementation is
based on the corresponding subroutine from Press et al. (1992). It may be noted that
the inversion approach is similar to that already employed by Pelton and colleagues for
Cole-Cole model fitting, which is described in some more detail in Pelton et al. (1984).

Depending on whether one, two, or three Cole-Cole dispersion terms are needed to
adequately describe the spectral behavior of the given complex resistivity data, the
model vector x in the inversion consists of four, seven, or ten parameters,
respectively.' Schematically, x is defined as

x:(lnpo;ml,lnrl,cl;mz,lnrz,cz;...)T. (G.3)

Whereas m; and ¢; are kept linear in the parameterization, po and t; are employed in
log scale due to their wide dynamical range. The data vector y is assembled by the log
magnitude and phase values of the complex resistivity data, given at several
measurement frequencies ®;, according to

y = (Inp(@))], In|p(®,)], ... ; p(®1), P(,),...)" (G.4)

(note again that p=|p|e'?). The corresponding forward modeling operator f is
implicitly defined through eqs. (G.1) and (G.2).

At each iteration step g of the inversion, the resultant normal equations

(ITWW,J, +AI)Ax, =JT W W, (y—f(x,)) (G.5)

"'To reduce the total number of unknowns, sometimes the fixation of certain parameters in the
inversion is useful or even necessary if data are only available at a relatively small number of
measurement frequencies. For instance, in many cases the choice ¢; =1 for />1 represents a
sufficient approximation of the EM coupling frequency dispersion (e.g., Hallof and Pelton, 1980; see
Section 5.1.3).
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are solved for an update Ax, of the current model x,. In eq. (G.5), J, denotes the
Jacobian, W, a data weighting matrix, A the regularization parameter, and I the
identity matrix. The partial derivatives dy; /0x; , required to build up J,, are readily
obtained by computing the partial derivatives Op/dx; via complex calculus and,
subsequently, making use of the relations

Oln 1 (Jp _0
Pl _ L [P, 50P (G.6)
ox; 2pp\ ox; Ox;
and
o i Olnjp| 1 Jp ‘ (G.7)
Ox; ox; pox;

In eq. (G.6),  again denotes complex conjugation. From egs. (G.1) and (G.2), for
Op/ox; the following expressions are found:

(G.8)

P gin(on), with o =-Romton)
o [1+(i (or,)c’]

For the solution of eq. (G.5) simple Gauss-Jordan elimination is used. Note that
after each inverse iteration step, A is either decreased or increased by a factor of ten
depending on whether the data misfit could be reduced or not (see Press et al., 1992).
Satisfactory convergence is considered to be achieved after five consecutive successful
iterations with a relative RMS error improvement of less than 2 %.

The data errors are assumed to be uncorrelated and, thus, Wy is a diagonal matrix
with each element being given by the inverse of the respective individual error
estimate. However, to strengthen the importance of the phase data within the
inversion, their weights may be in addition increased against the magnitude weights by
multiplication by a constant factor. By numerical tests, it was found that a factor of
five yields a reasonable balance between the influence of magnitude and phase data
and, hence, was applied herein. The decisive role of the phase in Cole-Cole model
fitting was also pointed out by Luo and Zhang (1998). They report that the Cole-Cole
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parameters (po excluded) obtained from a single phase spectrum inversion are
generally very close to those of joint inversion of magnitude and phase spectra.

If the inversion procedure is used to remove EM coupling effects from apparent
complex resistivity spectra, the individual error estimates are derived from the
discrepancies between the respective data values measured in normal and reciprocal
electrode configuration. On the other hand, if the algorithm is applied to intrinsic
complex resistivity spectra provided by complex resistivity tomography results, the
errors are estimated from the mean noise levels in the underlying data sets.

A reasonable starting model x, for the inversion can be estimated from the
general shape of the given complex resistivity spectra. When working with more than
one Cole-Cole dispersion term, one should moreover take the typically expected,
distinctive parameter ranges of the respective Cole-Cole parameters in the IP and the
EM term(s) into account (see Section 5.1.3). An exemplary starting model for L =2
may be given by po =|p(®min)|, 1 =0.5, T1 =1/Omn, ¢ =0.25; and m, ==£1
(positive or negative EM coupling), T2 =1/®ma , ¢2 =1; with typical minimum and
maximum measurement frequencies being of the order of ®min/2n~0.1Hz and
Omax /27 ~ 10 kHz, respectively.

In order to assess uncertainty and correlation of the resultant Cole-Cole parame-
ters, the parameter covariance matrix

Cov(x)=(I"W W, )" (G.9)

is evaluated at the end of the inversion process. Whereas the ;- th diagonal element of
Cov(x) is directly related to the variance of the j -th parameter x;, the coefficient

COV i,

P — (G.10)

\[COV j; COVypyy

describes the correlation between the uncertainty in x; and x,, with cov;, denoting
the j, m-th element of Cov(x). Note that for the particular purpose of EM coupling
removal, where the primary objective is not the assignment of certain Cole-Cole
parameters but simply the separation of IP and EM effects, basically only the cross-
correlation between the two parameter sets belonging to / =1 (IP) and / >1 (EM) is of
importance. Any intra-correlation between parameters belonging to the same Cole-
Cole dispersion term does merely provide information on the ambiguity in the
mathematical description of either of these effects.
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